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Colimits in 1-dimensional slices

Wiewew ]

Let C be a category and let M € C.

dom: C/pp — C preserves, reflects and lifts uniquely all the colimits.

colima D(A) D(A)
g = colima | 4oj, i C/m,
M M

where the ia’s are the inclusions of the components D(A) in their colimit.
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Colimits in 1-dimensional slices

Wiewew ]

Let C be a category and let M € C.

dom: C/pp — C preserves, reflects and lifts uniquely all the colimits.

colima D(A) D(A)
g = colima | 4oj, i C/m,
M M

where the ia’s are the inclusions of the components D(A) in their colimit.

This is based on the fact that a cocone on M is the same thing as a

diagram in C/pg.
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Colimits in 2-dimensional slices

Let E be a 2-category and let M € E.
Consider F: 4 — E and W: 4°° — CAT such that colim"V F exists.

Take then g: colim"' F — M, or equivalently
vi: W= E(F(-),M).

We want to express g as a 2-colimit in a 2-dimensional slice of ‘£ on M.
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Colimits in 2-dimensional slices

Let E be a 2-category and let M € E.
Consider F: 4 — E and W: 4°° — CAT such that colim"V F exists.

Take then g: colim"' F — M, or equivalently
vi: W= E(F(-),M).
We want to express g as a 2-colimit in a 2-dimensional slice of ‘£ on M.

This is essentially a matter of selecting a cocone out of the bunch of
cocones that form the weighted 2-cocylinder /9.

We reduce weighted 2-colimits to oplax normal conical ones!
colim'F = oplax™-colim®! (F o G(W))

G(W): W — Ais the 2-Set-enriched Grothendieck construction of W.
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And 9 corresponds to an oplax normal 2-cocone

A Al —— E((F o G(W))(=), M) : (fvv)°p - cat.

oplax”
“Normal”: for every (f,id) in (/' W)®® the structure 2-cell /\E’f,id) =id.
We can reorganize A9 as the 2-diagram
L9 : fW —  Elx M
F(f)
(A, X) F(A) — F(B)
f,o = é?
(B\L)(<’)) ’\3A,x>\ y Ale.xr
We will see later that
colimV' F oplax"-colim®(F o G(W)) AL
la = 14 = oplax" -colim~* L9

M M
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Colim-fibrations

Definition (M.).

A functor p: § — C is a colim-fibration if for every S € § and every
universal cocone p that exhibits p(S) = colim D, there exists a unique pair
(D, 1) with D: 4 — S a diagram and i a universal cocone that exhibits
S = colim D such that poD = D and pofi = p.

D(A) n

Ha
D f)\*\/A
D(B

(B —/———='S
I

D(A) e

]
HA
D(f)\\

D(B) ——;— colimD
B

Equivalently, p is a discrete fibration that reflects all the colimits.
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2-colim-fibrations

Discrete fibrations ~» 2-Set-fibrations.
They are fibrations that also uniquely lift 2-cells to a fixed domain 1-cell.

0ax)

D(A, X)
| D(87 X/) E(B X') >

e
0(a.x) Ip

D(A, X) /—\
D(f,a)\ %f'“

D(B, X') —5——— oplax"-colim®! D
(B.X")
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2-colim-fibrations

Discrete fibrations ~» 2-Set-fibrations.
They are fibrations that also uniquely lift 2-cells to a fixed domain 1-cell.

D(A, X) %0
D(fa)\\/m
" D(B,X') T, S
B,X'

e
0(a.x) Ip

D(A, X) /—\
D(f,a)\ '%f’“

D(B, X') —5——— oplax"-colim®! D
(B.X")

Definition (M.).

|

p: S — E is a 2-colim-fibration if it is a cloven 2-Set-fibration such that,
for every S, D, 0, the pair (D, ) exhibits S = oplax" -colim®!D.
Equiv., a cloven 2-Set-fibration that reflects all the cartesian 2-colimits.
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Colimits in 2-dimensional slices, via 2-colim-fibrations

Set-enriched 2-Set-enriched
C/my —— 1 Elaxm — 1
doml COny J{l domllaxcom% ll
op op
£ W Set ‘E W caT
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Colimits in 2-dimensional slices, via 2-colim-fibrations

Set-enriched 2-Set-enriched
C/my —— 1 Elaxm — 1
doml COny J{l domllaxcom% ll
op op
£ W Set ‘E W caT

Mm@ ]

dom: E fax M — E is a 2-colim-fibration. As a consequence,

colim F opIax“—coIimAl(Fog(W))
la = la = oplax" -colim

M M
FoG(W)(A X)=y(M)(0nax)(q) =qobnax) = A?A,X) = L9(A, X)

Al L9
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dom lifts 2-colimits of ¥ -diagrams

Consider a marking W: 4°° — CAT and a 2-diagram D: [W — E.
There is a bijection between oplax normal 2-cocones

A: Al == E(D(-), M)

oplax”

on M and 2-diagrams D: [W — E f.x p such that for every morphism
(f,id) in [W the triangle D(f,id) is filled with an identity.

Luca Mesiti
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dom lifts 2-colimits of ¥ -diagrams

Consider a marking W: 4°° — CAT and a 2-diagram D: [W — E.
There is a bijection between oplax normal 2-cocones

A Al = E(D(-), M)
oplax"
on M and 2-diagrams D: [W — E f.x p such that for every morphism
(f,id) in [W the triangle D(f,id) is filled with an identity.
That is, F-diagrams D: [W — E /s 0, taking on E fiax pp = [y(M)

the canonical ¥ -category structure, with loose part E /., ) itself and
tight part the strict 2-slice £ /.

dom: E /ax M — E lifts all the oplax normal 2-colimits of F-diagrams,
since an ¥ -diagram corresponds to an oplax normal 2-cocone, that
induces a unique morphism g: C — M.
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Towards preservation of 2-colimits: lax adjunctions

Definition (Gray).

.

A lax adjunction from F: 4 — B to U: B — A is given by a lax natural
unit n: Id = UF, a lax natural counit : FU = Id and modifications

Fe—— F UFU
b S
FUF U—m—=U

(lax triangular laws) such that both the swallowtails are identities:

. n
id — " UF FUG/U_N

WJ % JUF"/ r FUFU —=E%5 FU
%
UF —— UFUF  Us FU= / e
7]UF \UEF Ee
&/F_/ UF FU : .

02/04/2023
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Right semi-lax adjunction when ¢ is strictly 2-natural and s = id.
Strict when s and t are both identities, so triangular laws hold strictly.

A lax adjunction gives in particular oridinary adjunctions between homsets

S
D

B(F(A),B)  Lxe¢ A(AU(B))
1’\_/

/A—\?F(“

Xh = F(A) o FU(F(A)) e g
"o Fue)
U(F(A) ek
A
G= A Unk - u(F(U(B)) "2 u(B)
e s
) e |

And if the lax adjunction is right semi-lax then T o S =
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Definition (Walker, M.).

|

A loose lax ¥ -adjunction is a lax adjunction (F, U,n,¢,s,t) between
the loose parts in which F and U are ¥ -functors and 7 and ¢ are loose
strict/lax ¥ -natural transformations.

(Tight) lax ¥ -adjunction when 71 and ¢ have tight components.

Definition (M.).

|

Consider F-functors W: 4°P — F and H: 4 — §.
The strict/oplax ¥ -colimit of H weighted by W is C € § with 2-natural

S (C, Q)= [AF, CAT] Wiy, Sx (HA(-), Q)),

oplax" (

s.t. the “components” 3 (X)'s of the universal oplax normal cocylinder,
for A€ 4 and X € W,(A), are tight and jointly detect tightness.
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Right semi-lax left F -adjoints preserve colimits

Memn @R ]

Right semi-lax loose left F-adjoints preserve all the universal oplax normal

2-cocylinders for an F-diagram which have tight “components”, even if

such “components” do not jointly detect tightness.

Right semi-lax (tight) left #-adjoints preserve all the strict/oplax

F -colimits.

W ——t——= §(H(-), C) == E((F o H)(-), F(C))

UH ii'yof EET(’Y)O—

((F o H)(-). Z) —= S (H(-), U(Z)) —— E((Fo H)(-), 2)

Luca Mesiti Colimits in 2-dimensional slices 02/04/2023



dom preserves all the strict/oplax F -colimits

Mssen @ ]

dom: E fax M — E has a strict right semi-lax tight right F-adjoint U.

As a consequence, dom preserves all the strict/oplax ¥ -colimits, but also
all the universal oplax normal 2-cocones for an F-diagram which have
tight components.

For every E € ‘E, we define
U(E) = (M x E 2% F)

cee Mx E®2 E

The counit g is universal in a lax sense, reminiscent of Kan extensions.
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Change of base between lax slices

MO ]

Let 7: £ — ‘B be a split Grothendieck opfibration. The pullback 2-functor
1 CAT Jax B — CAT | E

has a strict right semi-lax loose right ¥ -adjoint .

As a consequence, 7* preserves all the universal oplax normal 2-cocylinders

for an F-diagram which have tight “components”.

For every H: D — E, we define 7. H as pry: H — ‘B, where the category
H has as objects pairs (X, (@, a)) with X € B and

T~ —>@

\i‘/

Luca Mesiti Colimits in 2-dimensional slices 02/04/2023



A morphism (X, (@, @)) — (X', (B, 8)) in H is a pair (f, (P, d)) with
f: X — X" in B and (®, ®) as below such that ® 0= and P+ 1 = 3

Q

Ao 05
3 —1 [0
N T (f) ——— D
K H 2
N A
E E
The counit is an evaluation: on every H: D — E

N—" D en((X, (a,a)), E) = a(E)

. \ / E((f, (9, 9)),8) = (0 - 1,g)

(eH)((x @.a)).E) = QE
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