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Abstract

We contribute to expand 2-dimensional elementary topos theory. We focus on
the concept of 2-classifier, which is a 2-categorical generalization of the notion
of subobject classifier. The idea is that of a discrete opfibration classifier. In-
terestingly, a 2-classifier can also be thought of as a Grothendieck construction
inside a 2-category. We introduce the notion of good 2-classifier, that captures

well-behaved 2-classifiers and is closer to the point of view of logic.

We substantially reduce the work needed to prove that something is a 2-classifier.
We prove that both the conditions of 2-classifier and what gets classified by a 2-
classifier can be checked just over the objects that form a dense generator. This
technique allows us to produce a good 2-classifier in prestacks that classifies all
discrete opfibrations with small fibres, and to restrict such good 2-classifier to
one in stacks. This is the main part of a proof that Grothendieck 2-topoi are
elementary 2-topoi. Our results also solve a problem posed by Hofmann and

Streicher when attempting to lift Grothendieck universes to sheaves.

To produce our good 2-classifier in prestacks, we present an indexed version of the
Grothendieck construction. This gives a pseudonatural equivalence of categories
between opfibrations over a fixed base in the 2-category of 2-copresheaves and
2-copresheaves on the Grothendieck construction of the fixed base. Our result
can be interpreted as the result that every (op)fibrational slice of a Grothendieck
2-topos is a Grothendieck 2-topos. We thus generalize what is called the funda-
mental theorem of elementary topos theory to dimension 2, in the Grothendieck

topoi case.

In order to reach our theorems of reduction of the study of a 2-classifier to dense
generators, we develop a calculus of colimits in 2-dimensional slices. We generalize

to dimension 2 the well-known fact that a colimit in a 1-dimensional slice category
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is precisely the map from the colimit of the domains of the diagram which is
induced by the universal property. We explain that we need to consider lax
slices, and prove results of preservation, reflection and lifting of 2-colimits for the
domain 2-functor from a lax slice. We then study the 2-functor of change of base

between lax slices.

Our calculus of colimits in 2-dimensional slices is based on an original concept of
colim fibration and on the reduction of weighted 2-colimits to essentially conical
ones, which is regulated by the 2-category of elements construction. The latter
construction is a natural extension of the Grothendieck construction. We study it
in detail from an abstract point of view and we conceive it as the 2-Set-enriched
Grothendieck construction, via an original notion of pointwise Kan extension.
Our work is relevant to higher dimensional elementary topos theory as well as to

a generalization of the Grothendieck construction to the enriched setting.
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Introduction

Context and motivation

In this thesis, we contribute to expand 2-dimensional elementary topos theory,
which has been introduced by Weber in [51]. Topos theory is a fundamental
branch of category theory that has had numerous applications to geometry (e.g.
for the calculus of cohomology) and logic (e.g. bringing to the concept of classi-
fying topos and capturing Cohen forcing). It originated in Artin, Grothendieck
and Verdier’s [3]; we take as main reference Mac Lane and Moerdijk’s [34]. A key
concept is that of sheaf, which captures the ability of gluing together compatible
local data into a global datum, and has had tons of applications in geometry.
This is realized thanks to Grothendieck topologies, that generalize classical to-
pologies to the context of categories. Categories of sheaves yield Grothendieck
topoi, and they are the basic object of study of topos theory. Lawvere and Tier-
ney [32, 47] have then developed the notion of elementary topos, generalizing
that of Grothendieck topos. Lawvere’s idea was that an (elementary) topos is
a generalized universe of sets. The key observation is that many constructions
that can be done with sets can be replicated inside a topos. And elementary
topoi have had enormous success in (categorical) logic. Notably, every element-
ary topos has an internal logic, so that one can do (generalized) logic inside the
world of a topos. The most important ingredient of the concept of elementary
topos is the subobject classifier, that represents an object of generalized truth
values, together with a chosen “true”. The archetypal example of elementary

topos is the category Set of sets. Its truth values are the classical true and
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false, represented by the singleton and the empty set. A fundamental result is
that every Grothendieck topos, i.e. every category of sheaves, is an elementary
topos. The subobject classifier of presheaves (which are just functors into Set)
is given by taking sieves, which are a key ingredient of Grothendieck topologies.
Sieves are collections of morphisms into a fixed object that are closed under pre-
composition, or equivalently subfunctors of representables. They generalize the
concept of covering from topology. The subobject classifier of presheaves can
then be restricted to one of sheaves, selecting those sieves that behave well with
respect to the topology, namely closed sieves. A proof can be found in Mac Lane
and Moerdijk’s [34, Section II1.7]. The definition of elementary topos just adds,
to the subobject classifier, cartesian closedness and having finite limits. And it
is surprising how these properties imply numerous other ones, making element-
ary topoi into particularly well-behaved categories and a fundamental concept of

mathematics.

We believe it is therefore important to generalize the fruitful 1-dimensional ele-
mentary topos theory to dimension 2. The notion of sheaf has been upgraded by
Giraud [19] to that of stack in dimension 2. The idea is to only ask the local data
to be compatible up to isomorphism. The induced global datum then analog-
ously recovers the starting local data up to isomorphism. Stacks brought to the
2-categorical generalization of Grothendieck topoi, and solved numerous problems
in geometry (e.g. moduli problems) that were not solvable using ordinary spaces
or 1-dimensional sheaves. The theory of elementary 2-topoi, introduced by Weber
in [51], is instead just at its beginning. But it is equally promising, with a high
potential of application to categorical logic, geometry and category theory itself.
For example, elementary 2-topoi could pave the way towards a 2-categorical logic
and offer the tools to study it. The idea is that every elementary 2-topos should
have an internal 2-dimensional logic. As an elementary topos is a generalized uni-
verse of sets, an elementary 2-topos can be conceived as a generalized universe
of categories. Another potential application is a 2-categorical generalization of
categories of classes, and the continuation of Weber’s [51] work of comparison

between structures of “small things”. A direct application of the work of this
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thesis could be a 2-categorical generalization of the fruitful concept of Grothen-
dieck topology, which would bring to an extended notion of stack, with relevance
in geometry. Other ideas could be capturing and generalizing classifying topoi as

well as geometrical classification processes.

The most important ingredient of the concept of elementary 2-topos is the
2-classifier, which is a 2-categorical generalization of the subobject classifier.
Weber’s idea, in [51], is that moving to dimension 2 one can and wants to clas-
sify morphisms with higher dimensional fibres. While injective functions have as
fibres either the singleton or the empty set, discrete opfibrations have as fibres
general sets and are thus the perfect notion to use to define 2-classifiers. This
idea is closely connected with that of homotopy level in Voevodsky’s univalent
foundations, see [46, Chapter 7] and Voevodsky’s [49]. (Discrete) opfibrations,
together with the Grothendieck construction, have been introduced by Grothen-
dieck in [22]; we take Jacobs’s book [26] as main reference. The idea of a
Grothendieck opfibration is that of a functor which is able to lift morphisms.
Discrete opfibrations then require such liftings to be unique. This is similar to
the fruitful path lifting properties in geometry, that are relevant to cohomology
and homotopy theory. Grothendieck fibrations were born to capture together
categories naturally associated to every point of a space. So that one can handle
and study all such categories together, taking into account the change of base
operations between them. A fundamental result in this framework is the equi-
valence between Grothendieck fibrations and indexed categories (i.e. prestacks),
namely the Grothendieck construction. This process collects the data of an in-
dexed category, i.e. a 2-functor F': B°® — (Cat with B a small category that is
seen as a family of categories, into a total category [F' equipped with a functor
G(F): f F — B that tells which index each object came from. More precisely,
G (F) is given by the projection on the first component, with [F built as follows:

an object of [F is a pair (B, X) with B € B and X € F(B);

a morphism (B, X) — (C,X') in [F isapair (f,«) with f: B — C a morphism
in B and a: X — F(f)(X’) a morphism in F(B).
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And all Grothendieck fibrations can be conceived in this way, as they are pre-
cisely the essential image of the fully faithful 2-functor G(—): [B°P, Cat] —
Cat /g that calculates the Grothendieck construction. In algebra, an example
of Grothendieck fibration is given by the total category of all modules, that col-
lects together R-modules for every ring R. In geometry, this theory has many

applications to bundles. In logic, it managed to expand dependent type theory.

In order to produce the notion of 2-classifier, Weber proposes to upgrade mono-
morphisms (or subobjects) to discrete opfibrations in a 2-category, which have
been introduced by Street in [41]. 2-classifiers are thus discrete opfibration clas-
sifiers. In this thesis, we introduce the concept of good 2-classifier, that captures
well-behaved 2-classifiers and is closer to the point of view of logic. The idea is to
still have as classifier an object of generalized truth values equipped with a chosen
“true”, as in dimension 1. This is realized upgrading the classification process
from one regulated by pullbacks (in dimension 1) to one regulated by comma
objects (in dimension 2). The archetypal example of (good) 2-classifier is given
by the category of elements, which is a restriction of the Grothendieck construc-
tion to indexed sets (i.e. presheaves). This construction exhibits the 2-category
Cat of small categories as the archetypal elementary 2-topos. More precisely,
the inclusion 1: I — Set of the singleton into Set is a good 2-classifier in Cat.
Indeed calculating comma objects along 1: 1 — Set coincides with calculating
the category of elements of presheaves, and hence exhibits an equivalence of cat-
egories between maps into the universe Set and the discrete opfibrations with
small fibres. This perfectly generalizes to dimension 2 the fact that Set is the
archetypal elementary topos. While truth values in Set are just true and false,
represented by the singleton and the empty set, the generalized truth values of
Cat are all sets. In light of this archetypal example of (good) 2-classifier, we can

think of a 2-classifier as a Grothendieck construction inside a 2-category.

The main objective of this thesis is to expand 2-dimensional elementary topos
theory. We present a novel technique of reduction of the study of 2-classifiers to

dense generators. We then apply it to produce a good 2-classifier in prestacks
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(i.e. 2-dimensional presheaves) and restrict such good 2-classifier to one in stacks.
This is the main part of a proof that every Grothendieck 2-topos is an elementary
2-topos. The reason why we focus on 2-classifiers is that the rest of the definition
of elementary 2-topos proposed by Weber in [51] is yet to be ascertained. We
hope that this thesis will contribute to reach a universally accepted notion of
elementary 2-topos. Our good 2-classifiers in prestacks and stacks involve a 2-
dimensional generalization of the concepts of sieve and closed sieve, that could
be applied to produce a 2-dimensional generalization of Grothendieck topologies.
They also involve an indexed version of the Grothendieck construction, which
can be interpreted as the result that every (op)fibrational slice of a Grothendieck
2-topos is a Grothendieck 2-topos. Aiming at our technique of reduction of the
study of 2-classifiers, we also expand 2-category theory, developing a calculus of

colimits in 2-dimensional slices, and the theory of the Grothendieck construction.

Main results

We prove that both the conditions of 2-classifier and what gets classified by a 2-
classifier can be checked just over the objects that form a dense generator. So that
the whole study of a would-be 2-classifier is substantially reduced (Chapter 3).
Dense generators capture the idea of a family of objects that generate all the
other ones via nice colimits; the preeminent example is given by representables
in categories of presheaves. The following two theorems condense our results of

reduction of the study of 2-classifiers to dense generators.

Let L be a 2-category with pullbacks along discrete opfibrations, comma objects

and terminal object (see Section 3.1).

Theorem 1 (Theorem 3.2.5). Let I: Y — L be a fully faithful dense generator
of L. Let then 7: Q4 — Q be a discrete opfibration in L. If for everyY € Y

Grivy: LUIY), Q) — DOpFib (1(Y))
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18 fully faithful, then for every F' € L also
Grr: L(F,Q) — DOpFib (F)
18 fully faithful, so that T is a 2-classifier in L.

Theorem 2 (Corollary 3.2.10). Let [: Y — L be a fully faithful dense generator
of L. Assume that 7: Q4 — Q is a 2-classifier in L, and let ¢: G — F be an
arbitrary discrete opfibration in L. Consider K and A as in Construction 3.2.7.

The following properties are equivalent:
(1) @ is classified by T, i.e. ¢ is in the essential image of G, p;

(i) for every (C,X) € [W the change of base Gy r(c,x)(Ac.x) of ¢ along Ac x
is 1n the essential image of Grk(cx), and the operation of normalization

described in Theorem 3.2.8 starting from o is possible.

To have a hint of the benefits, we can look at the case of Cat. These theorems al-
low us to deduce all the major properties of the Grothendieck construction from
the trivial observation that everything works well over the singleton category
(Example 3.2.13). The driving idea behind our results of reduction to dense gen-
erators is to express an arbitrary object F' as a nice colimit of the dense generators

and induce the required data using the universal property of the colimit.

In order to handle such colimits in our 2-categorical setting, we first need to
develop a calculus of colimits in 2-dimensional slices (Chapter 2). We generalize
to dimension 2 the well-known fact that a colimit in a 1-dimensional slice category
is precisely the map from the colimit of the domains of the diagram which is
induced by the universal property. We show that the appropriate 2-dimensional
slice to consider for this generalization is the lax slice. We obtain the following

result, that involves an original concept of colim fibration.

Theorem 3 (Theorem 2.1.21). Let ‘E be a 2-category and M € ‘E. Then the

2-functor dom: E f.x pg — E is a 2-colim-fibration. As a consequence,

colim" F oplax®* ~colim®' (FoG(W)) Al
L = L = oplax®* -colim~" LY

M M
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in the laz slice E }a \y. Here, L% is the 2-diagram in ‘E . pf that corresponds to
the cartesian-marked oplax cocone A1 on M associated to the weighted 2-cocylinder

on M that q represents.

In dimension 1, we also have the useful results that the domain functor from a slice
category preserves, reflects and lifts all colimits. We generalize all these results
to dimension 2 as well (Chapter 2). We then study the change of base 2-functor
between lax slices, laxifying the proof that Conduché functors are exponentiable
(Section 2.4). To obtain these results, it is crucial for us to use F-categorical tech-
niques. The idea of F-category theory, introduced in Lack and Shulman’s [30],
is to consider 2-categories with a selected subclass of morphisms that are called

tight.

As shown in the theorem above, a key ingredient for the calculus of colim-
its in 2-dimensional slices is the reduction of weighted 2-colimits to cartesian-
marked oplax conical ones, that are essentially conical. This result was proved
in Street’s [42]; we present here new, more elementary proofs (Chapter 1). Such
reduction is needed, together with F-category theory, to generalize to dimension
2 the bijective correspondence between cocones over an object M and diagrams in
the slice over M (Section 2.2). The philosophy behind the reduction of weighted
2-colimits to cartesian-marked oplax conical ones is the following. To capture all
data of a category C, we can either consider functors from every possible category
into C or functors from the singleton I into C together with natural transforma-
tions between them. The former idea corresponds with weighted 2-colimits, while

the latter corresponds with cartesian-marked oplax conical colimits.

The reduction of weighted 2-colimits to cartesian-marked oplax conical ones is
regulated by the 2-category of elements construction. The latter is a natural
extension of the Grothendieck construction. We study it in detail from an ab-
stract point of view, using also an original notion of pointwise Kan extension
(Chapter 1). This also contributes to expand the theory of cartesian-marked
oplax conical colimits, that are crucial in this thesis. Our main results on the

2-category of elements are condensed in the following theorem.
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Theorem 4 (Theorem 1.3.8 and Theorem 1.3.12). Let F': ‘B — (Cat be a 2-
functor with B a small 2-category. The 2-category of elements is equivalently

giwen by the lax comma object

[F—— 1

g(F)l / Ll
lax comma

BTC@t

in 2-Catx. Moreover, this lax comma object square exhibits F' as the pointwise

left Kan extension in 2-Catyy of Al: [F — Cat along G (F).

F = Lang(p) Al.

We explain how this exhibits the 2-category of elements as the archetypal 3-
dimensional classifier and also as the 2-Set-enriched Grothendieck construction
(Chapter 1). So that our results could pave the way towards higher dimensional
elementary topos theory and towards a generalization of the Grothendieck con-

struction to the enriched setting.

We then apply our theorems of reduction of the study of 2-classifiers to dense gen-
erators to the cases of prestacks and stacks (Chapter 5). Our results offer great
benefits there, as they allow us to just consider the classification over represent-
ables. The Yoneda lemma determines up to equivalence the construction of a
good 2-classifier in prestacks (Section 3.3). We explain how this involves discrete
opfibrations over representables, which offer a 2-categorical notion of sieve. We
find however a few problems in handling directly discrete opfibrations in prestacks

over representables.

We develop an indexed version of the Grothendieck construction to solve all such
problems (Chapter 4). This generalizes the classical Grothendieck construction
to the case of opfibrations in the 2-category of prestacks. We obtain the following

theorem.

Theorem 5 (Theorem 4.3.7 and Theorem 4.3.9). Let 4 be a small category and
consider the functor 2-category (A, Cat]. For every 2-functor F': A — (Cat, there
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1s an equivalence of categories
OpFiba,ca) (F) == | [F. Cat|

between split opfibrations in the 2-category [A, Cat| over F' and 2-(co)presheaves
on the Grothendieck construction [F of F.

This restricts to an equivalence of categories
DOpFib (s, cu) (F) = | [ F, Set]

between discrete opfibrations in [A,Cat] over F with small fibres and 1-

copresheaves on fF

Moreover, both the equivalences of categories above are pseudonatural in F.

Taking A4 = 1, we recover the classical Grothendieck construction. We can think
of the indexed Grothendieck construction as a simultaneous Grothendieck con-
struction on every index A € A4, taking into account the bonds between different
indexes (Construction 4.3.8). Our result can also be interpreted as saying that
every (op)fibrational slice of a Grothendieck 2-topos is a Grothendieck 2-topos.
This generalizes to dimension 2 what is called the fundamental theorem of ele-
mentary topos theory (see Mac Lane and Moerdijk’s [34, Section IV.7]), in the

Grothendieck topoi case.

As a consequence, rather than considering discrete opfibrations with small fibres
in prestacks over representables, we can equivalently consider presheaves on slices.
This allows us to produce a good 2-classifier in prestacks that classifies all discrete

opfibrations with small fibres.

Theorem 6 (Theorem 5.1.14). The 2-functor

Q: C? — (Cat

C = [(C/a)™, Set]
(€L D) —» —o(fo=)"
equipped with the 2-natural transformation w: 1 — Q that picks the constant at

1 presheaf on every component, is a good 2-classifier in [C°P, Cat] that classifies

all discrete opfibrations with small fibres.
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Finally, we restrict our good 2-classifier in prestacks to a good 2-classifier in stacks.
We achieve this by proving a general result of restriction of good 2-classifiers
to nice sub-2-categories, involving factorization arguments and our theorems of
reduction to dense generators (Section 5.2). The idea is to select, out of all the
presheaves on slices considered in the definition of ﬁ, which are the 2-categorical
generalization of sieves, the sheaves with respect to the Grothendieck topology
induced on the slices, which are the 2-categorical generalization of closed sieves.
This restriction of €2 is tight enough to give a stack 2, but at the same time
loose enough to still host the classification process of prestacks. We obtain the

following theorem.
Theorem 7 (Theorem 5.3.22). The 2-functor
QJ : C®? — (at

C = Sh(C/c.J)
(C L D) —o(fo=)P,

equipped with the 2-natural transformation wy: 1 — Q; that picks the constant at
1 sheaf on every component, is a good 2-classifier in St(C,J) that classifies all

discrete opfibrations with small fibres.

This is the main part of a proof that Grothendieck 2-topoi are elementary 2-
topoi. Our results also solve a problem posed by Hofmann and Streicher in [25]
when attempting to lift Grothendieck universes to sheaves. Indeed, in a different
context, they considered the same natural idea to restrict their analogue of Q by
taking sheaves on slices. However, this did not work for them, as it does not give
a sheaf. Our results show that such a restriction yields nonetheless a stack and a

good 2-classifier in stacks.

Outline of the thesis

In Chapter 1, we give a new, more elementary proof of the equivalence between

weighted 2-limits and cartesian-marked lax conical ones. We then generalize to
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dimension 2 the fact that the category of elements can be captured by a comma
object that also exhibits a pointwise left Kan extension. For this, we introduce
a notion of pointwise Kan extension in 2-(Cat,, and we refine the notion of lax

comma object in 2-Caty,y.

In Chapter 2, we present our calculus of colimits in 2-dimensional slices, thanks
to an original notion of colim fibration. We also show results of preservation,
reflection and lifting of 2-colimits for the domain 2-functor from a lax slice. The
result of preservation is shown by proving a general theorem on ¥ -categorical lax
left adjoints. Finally, we apply such general theorem to study the change of base

2-functor between lax slices.

In Chapter 3, after recalling the concept of 2-classifier, we introduce good 2-
classifiers. We then present our theorems of reduction of the study of 2-classifiers
to dense generators. We look at the possibility to apply these theorems to produce
a good 2-classifier in prestacks that classifies all discrete opfibrations with small
fibres. But using directly the induced 2-categorical sieves presents a few problems

that we will solve in Chapter 4.

In Chapter 4, we show an equivalent characterization of opfibrations in [4, Cat].
We then present an indexed version of the Grothendieck construction, proving a
pseudonatural equivalence of categories between (split) opfibrations in [4, Cat|
over F' and 2-copresheaves on [F. This also restricts to a discrete version. Fi-
nally, we obtain a nice candidate for a good 2-classifier in prestacks that classifies

all discrete opfibrations with small fibres.

In Chapter 5, we apply our theorems of reduction to dense generators to the
cases of prestacks and stacks. We produce a good 2-classifier in prestacks that
classifies all discrete opfibrations with small fibres. We then prove a general result
of restriction of good 2-classifiers to nice sub-2-categories, involving factorization
arguments and our theorems of reduction to dense generators. We use this result

to restrict our good 2-classifier in prestacks to one in stacks.



Notations

Throughout this thesis, we fix Grothendieck universes U, ¥ and W such that

U e V € W. We denote as Set the category of U-small sets, as Cat the 2-

category of V-small categories (i.e. categories such that both the collections of

their objects and of their morphisms are ¥-small) and as CAT the 2-category

of W-small categories. So that Set € Cat and the underlying category Catq of

Cat is in CAT. Small category will mean V-small category. Small fibres, for

a discrete opfibration in Cat, will mean U-small fibres. 2-category will mean a

W-small Cat-enriched category. Small 2-category will mean 4-small 2-category.

Small fibres for a discrete 2-opfibration will mean ‘V-small fibres.

We will use the following notations.

cr
CCO

2-Cat

2- Catlax

V-Cat
C (A, B)

the opposite of an (enriched) category

2-category obtained from C dualizing the 2-cells; variant
C°°P if both 1-cells and 2-cells are dualized

the 3-category of 2-categories, 2-functors, 2-natural trans-
formations and modifications

the lax 3-category of 2-categories, 2-functors, lax natural
transformations and modifications

the 2-category of V-enriched categories

hom-object of an enriched category C from C' to D (usually
hom-category of a 2-category C)

the strict functor (2-)category from C to D
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[C°P, Cat]

lax

Oplaxcart

Ps [CP, Cat]

y: C — [C, Cat]
St(C,J)

Lim" F

Opl aJXca]rt

G(F): [F=C

Op¥Fib . (F)

DOpFib*(F)

L/lax M

F|G

the 2-category of 2-functors, lax natural transformations

cart (

and modifications; variants with lax cartesian-marked

cart

lax), oplax, oplax (cartesian-marked oplax), sigma,

mark (marked oplax) in place of lax

oplax
a cartesian-marked oplax natural transformation; variants
with pseudo (pseudonatural), sigma, oplax™¥* (marked
oplax)

the 2-category of pseudofunctors, pseudonatural transform-
ations and modifications

the 2-categorical Yoneda embedding

the full sub-2-category of [C°P, Cat| on stacks with respect
to the Grothendieck topology J

the enriched limit of F weighted by W variant colim" F

for colimits

-colim®! K the cartesian-marked oplax conical colimit of the 2-diagram

K; variants with limits in place of colimits, lax in place of
oplax, other specified markings

the 2-category of elements of a 2-functor F': 4°° — (Cat
(with A4 a 2-category), or also the classical Grothendieck
construction

the fibre of an opfibration ¢ in Cat over an object B of the
base

the category of split opfibrations in a 2-category L over F;
variant DOpFib . (F) for discrete opfibrations

the full subcategory of DOpFib, (F) on discrete opfibra-
tions with small fibres; variant Q)Op_‘FiBP(F ) for discrete
opfibrations that satisfy a fixed pullback-stable property P
the slice of a category C over C' € C

the lax slice of a 2-category L over M € L; sometimes, also
a general lax comma

the lax comma object in 2-Caty,, from F to G
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INTRODUCTION

dom

pri: AxB— A

Al

the domain (2-)functor from a (lax) slice

the projection from a product to its first component; variant
pr, for the projection to the second component

the terminal object of a (2-)category; variant 1 for the
singleton category

the constant at 1 presheaf; variant AU for the functor which
is constant at an object U

the composite of 1-cells or the vertical composition of 2-
cells

the horizontal composition of 2-cells; variants ax f and fx«
for the whiskerings of a 2-cell o with a 1-cell f

the identity 1-cell on A; variants Ids for the identity (2-
)functor on C and id; for the identity 2-cell on a 1-cell f
an isomorphism between objects A and B; variant A — B
for an isomorphic arrow from A to B

an equivalence of categories between C and D; variant C =
D for an equivalence from C to D

a fully faithful morphism in a 2-category or a fully faithful
2-functor

a full sub-2-category, i.e. an injective on objects and fully
faithful 2-functor

the tight part of an F-category A; variant A, for the loose
part

placeholder; variant + for a second placeholder



1. The 2-Set-enriched
Grothendieck construction and

cartesian-marked lax limits

This chapter is based on our paper [36].

In this chapter we expand the theory of the 2-category of elements and of the
cartesian-marked lax limits. Both these concepts will be very useful to us in
the following chapters. Moreover, we believe they are key elements for higher
dimensional elementary topos theory, as we explain below. The 2-category of
elements is the 2-dimensional generalization of the construction of the category
of elements, and it has been introduced by Street in [42]. It is at the same time a
natural extension of the usual Grothendieck construction that admits 2-functors
from a 2-category B into Cat, and a restriction of the 2-dimensional Grothendieck
construction of Bakovi¢ [5] and Buckley [10] to 2-functors into 2-Cat that factor
through Cat. Analogously, the corresponding notion of opfibration, introduced
by Lambert in [31] with the name discrete 2-opfibration, is at the same time a
natural extension of the usual Grothendieck opfibrations and a locally discrete
version of Hermida’s [23] 2-fibrations. Lambert proved in [31] that split discrete
2-opfibrations with small fibres form the essential image of the 2-functor that
calculates the 2-category of elements. We extend this result to 2-equivalences

between 2-copresheaves and discrete 2-opfibrations (Theorem 1.3.15).

We study the 2-category of elements from an abstract point of view and we in-

terpret it as the 2-Set-enriched Grothendieck construction. We expect this work
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to be very useful for generalizations of the Grothendieck construction. In future
work, we would like to achieve a generalization to the enriched context. While
Vasilakopoulou defined in [48] a notion of fibration enriched over a monoidal fibra-
tion, it seems no one has yet proposed a good notion of fibration for a V-enriched
functor, with 4 a nice enough monoidal category. There would be many applic-
ations of such enriched fibrations. Some examples would be additive fibrations,
graded fibrations, metric fibrations and general quantale-enriched fibrations. We
believe this work is a starting point towards such a theory. As giving an explicit
definition of enriched fibration is quite hard, we would like to capture Grothen-
dieck fibrations and the Grothendieck construction from an abstract point of view

and try to generalize such abstract theory.

Another motivation that we have in mind is to understand how the various prop-
erties of the 2-category of elements are connected with each other. We will show in
Section 1.3 that our pointwise Kan extension result for the 2-category of elements
(see below) implies many other properties. Among these, the conicalization of
weighted 2-limits and the 2-fully faithfulness of the 2-functor that calculates the

2-category of elements.

In dimension 1, it is known that the category of elements can be captured in
a more abstract way. Given a copresheaf F': B — Set, the construction of the

category of elements of F' is equivalently given by the comma object

[PF —— 1

g(F)l %ma ll (1.1)

$T>5et

Moreover, this filled square exhibits F' as the pointwise left Kan extension of the

constant at 1 functor Al: [*PF — Set along the discrete opfibration G (F).

Our main theorem of this chapter (Theorem 1.3.12, after Theorem 1.3.8) is a
2-dimensional generalization of this result. We prove that an analogous square as
the above one exhibits, at the same time, the 2-category of elements G (F') as a lax

comma object in 2-Cat,, and F' as the pointwise left Kan extension in 2-Caty.y
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of Al along the discrete 2-opfibration G (F). We find the need to consider the
lax 3-category 2-(Caty, of 2-categories, 2-functors, lax natural transformations
and modifications, because the analogue of the square above is now only filled by
a lax natural transformation. Lax 3-categories, introduced by Lambert in [31],
are categories enriched over the cartesian closed category of 2-categories and
lax functors (whose tensor product is the ordinary product of 2-categories). As
2-(Caty, has not yet been studied much, we have to introduce a notion of pointwise
Kan extension in 2-Cat,y (Definition 1.2.16) to achieve our objective. This is
one of our main contributions in this chapter. We also prove that pointwise
Kan extensions in 2-Cat,, along a discrete 2-opfibration are always weak ones as
well (Proposition 1.2.19). The proof is based on an original generalization of the

parametrized Yoneda lemma which is as lax as it can be (Theorem 1.2.18).

Pointwise Kan extensions are actively researched. While it is relatively easy to
give notions of weak Kan extension in a categorical framework, it is much harder
to give the corresponding pointwise notions. In [41], Street proposes to look at
the stability of a Kan extension under pasting with comma objects to obtain
a definition of pointwise Kan extension in any 2-category. However, applying
Street’s definition to the 2-category ¥-Cat does not give the right notion. For
enriched V/-functors, the correct notion, that uses ¥/-limits, has been introduced
by Dubuc in [16] and later used by Kelly in [28]. However, we needed pointwise
Kan extensions in the lax 3-category 2-(Caty.y, that we view as 2-Set-Cat, with an
original idea of 2-1/-enrichment. Pseudo-Kan extensions of Lucatelli Nunes’s [33]
are a pseudo version of Dubuc’s ones, considering weighted bilimits in the place
of weighted 2-limits, and quasi-Kan extensions of Gray’s [21] are a lax version.
Instead, we needed a strict version, using some form of strict 2-limit, but which

also takes the 2-7/-enrichment into account.

To give our definition of pointwise Kan extension in 2-Cat,,, we take advant-
age of the connection between the 2-category of elements and cartesian-marked
oplax colimits, that we recall in Section 1.1 from a new, more elementary per-

spective. Cartesian-marked (op)lax conical (co)limits are a particular case of
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a 2-dimensional notion of limit introduced by Gray in [20, Section 1,7] (called
there “cartesian quasi-limits”). As proved by Street in [42, Theorem 14 and
Theorem 15], and here as well with a more elementary proof, they are an altern-
ative to weighted 2-limits. Indeed they are particular weighted 2-limits and every
weighted 2-limit can be reduced to one of them. But cartesian-marked lax con-
ical limits can be much more useful in some situations, as they allow to consider
cones rather than cylinders, up to filling the cones with coherent 2-cells. Some
of these 2-cells are required to be the identity, whence the adjective “marked”.
As the choice of such 2-cells comes from the cartesian liftings of a 2-category of
elements, we call them “cartesian”. Despite their potential, cartesian-marked lax
limits have been almost forgotten, until Descotte, Dubuc and Szyld’s paper [15],
where they use their pseudo version, called by them sigma-limits. Later, in [44]
and [45], Szyld also considered the strict version that we use here. In Chapter 2,
the reduction of weighted 2-limits to cartesian-marked lax conical ones will be
crucial for us to study colimits in 2-dimensional slices. It will then allow us,
in Chapter 3, to reduce the conditions of a 2-classifier to dense generators, and
hence, in Chapter 5, to construct a 2-classifier in stacks, towards a proof that

Grothendieck 2-toposes are elementary 2-toposes.

We hint at the potential applications of the work of this chapter to higher di-
mensional elementary topos theory. According to Weber’s [51], the filled square
of equation (1.1) presents Cat as the archetypal 2-dimensional elementary topos.
The classification process is the category of elements construction. This is re-
called in Section 3.1. On this line, we believe we should consider 2-Cat,, as the
archetypal 3-dimensional elementary topos. Its classifier would be 1: I — (Cat
and its classification process would be the 2-category of elements construction.

We inscribe the sequence of elementary n-topoi
Set ~~ Cat ~ 2-Caty

in an original idea of 2-V-enrichment. This guided our definition of pointwise
Kan extension in 2-Cat,x. And we believe that this observation could be useful

also towards an enriched version of the Grothendieck construction. For this, we
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may also notice that comma objects, that regulate the classification process in
Cat, are the archetypal example of exact square in Cat. And the fact that every
copresheaf is the pointwise Kan extension of Al along its category of elements
is actually a consequence of having an exact square, together with 1: I — Set
being dense. Moving to 2-Cat.,, we need to upgrade comma objects to lax
comma objects. We give a new, refined universal property of lax comma objects
to suit the lax 3-dimensional ambient of 2-Cat,, (Definition 1.3.4). This improves
both the universal properties given by Gray in [20, Sections 1,2 and I,5] and by
Lambert in [31].

Outline of the chapter

In Section 1.1, we recall from an original perspective the explicit 2-category of
elements and the cartesian-marked (op)lax conical (co)limits. We give a new,
more elementary proof of the equivalence between weighted 2-limits and cartesian-

marked lax conical ones.

In Section 1.2, we introduce a notion of pointwise Kan extension in 2-Cat.y
along a discrete 2-opfibration. We prove that such a pointwise Kan extension is
always a weak one as well. The proof is based on an original generalization of

the parametrized Yoneda lemma.

In Section 1.3, we generalize to dimension 2 the fact that the category of ele-
ments can be captured by a comma object that also exhibits a pointwise left Kan
extension. For this we use our definition of pointwise Kan extension in 2-Cat.y

and a new refined notion of lax comma object in 2-Caty,y.

1.1. Cartesian-marked (op)lax conical (co)limits

In this section we recall, from an original perspective, the explicit 2-category of
elements construction and the cartesian-marked (op)lax conical (co)limits. We

originally show how the two concepts arise simultaneously by the wish of giving
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an essential solution to the problem of conicalization of the weighted 2-limits.
This can also be seen as a justification to both the explicit definition of the 2-
category of elements, introduced by Street in [42], and the cartesian-marked lax
conical limits, a particular case of a notion introduced by Gray in [20, Section I,7]

(called there “cartesian quasi-limits”).

We obtain a new, more elementary proof of the fact that weighted 2-limits and
cartesian-marked lax conical limits give equivalent theories (Theorem 1.1.15 and
Theorem 1.1.13). This has been firstly proved by Street in [42, Theorem 14 and
Theorem 15], where weighted 2-limits are called “indexed limits” and (following
Gray’s [20]) cartesian-marked lax conical limits are a particular case of ”cartesian
quasi-limits”. Cartesian-marked lax conical limits offer huge benefits in many
situations, as they have a conical shape, even if with coherent 2-cells inside the
triangles that form the cone. Sometimes, it is much easier to handle such 2-cells

rather than a non-conical shape.

Indeed such an idea will be crucial to us in Chapters 2, 3 and 5. In Section 1.2, the
concept of cartesian-marked (op)lax (co)limit will guide the original definitions

of colimit in a 2-Set-category and of pointwise left Kan extension in 2-Caty.y.

We first recall the notion of weighted limit, from Kelly’s book [28, Chapter 3]

(also here weighted limits are called “indexed limits”).

Definition 1.1.1. Let ¥ be a complete and cocomplete symmetric closed mon-
oidal category. Consider ¥-functors F': 4 — C (the diagram) and W: 4 — V
(the weight, in place of the classical constant at 1 functor Al, that now does no
longer suffice), with 4 a small ¥-category. The V-limit of F' weighted by W,
denoted as lim" F, is (if it exists) an object L € C together with an isomorphism
in V

C(U.L)=[A,V](W,.C(U F(-)) (1.2)
V-natural in U € C°, where [4, V] is the V-category of ¥-copresheaves on 4
valued in V enriched over itself. When lim"" F' exists, the identity on L provides

a V-natural transformation \: W = C (L, F(-)) called the universal cylinder.
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For the notion of weighted V-colimit, we start from F': 4 — Cand W: 4% — V.

The universal property is then

C (colim™ F, U) = [4%, V] (W, C (F(-),U))

Weighted Cat-(co)limits, i.e. with ¥/ = Cat, will be called weighted 2-(co)limits.

Remark 1.1.2. Although the classical constant at 1 weight A1, called the conical
weight, no longer suffices in the general enriched setting, we pay attention to
when a weighted limit can be reduced to a conical one. It is well-known (see
Kelly’s [28, Section 3.4] that in the Set-enriched setting every weighted limit can
be conicalized, using the category of elements. A general strategy of conicalization
(used by Kelly in [28, Section 3.4]) allows to conicalize just the ¥/-colimits W =
colimy, for W: 4 — 9 an enriched presheaf with 4 small and y: 4° —
[/‘Zl, ‘V} the 7-Yoneda embedding. The lemma of continuity of a limit in its

weight, whose formula is
lime™" # o lim " (hmH(_)F) ; (1.3)

then allows to deduce that all weighted limits are conicalized. We will use such

a strategy in the proof of Theorem 1.1.15.

Remark 1.1.3. When ¥ = (at, the conicalization of weighted 2-limits is,
strictly speaking, not possible. We would need to encode the universal cocyl-

inder p (given by the Yoneda lemma) in terms of a universal cocone
w: Al = [A4, Cat| (H(—), W)

with H some 2-functor B — [A4, Cat|. And this is not possible because the
components of p are functors rather than mere functions. The idea is to admit
2-cells inside the cocone ji in order to encode the extra data. We thus con-
sider lax natural transformations, that have general structure 2-cells inside the
naturality squares. But, as we explain in Construction 1.1.4, the right notion
of relaxed 2-natural transformation to consider will be a marked version of lax

natural transformations.
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Construction 1.1.4 (2-category of elements). Following Remark 1.1.3, we search
for a relaxed notion of 2-natural transformation, which is however stronger than
a lax natural transformation, and for a 2-functor H: B — [4, Cat] such that any

cocylinder

o: W =4, Cat](y(—),U)

with U: 4 — (Cat can be encoded in terms of a relaxed 2-natural transformation

o Al = (A4, Cat] (H(—),U) : B°® — (at.
In order to deduce that every weighted 2-limit can be analogously conicalized via

the lemma of continuity of a limit in its weight, we need H of the form
o op op
( pW) W gop Yy 14, Cat].

Up to now, ["W and G(A) are just symbols, but will be found to be the 2-

category of elements, as defined explicitly by Street in [42, just above Theorem 15].

For every A € 4 and X € W(A), we have a morphism ¢4(X): y(A) — U, and
we want to form the cocone ¢ exactly with these morphisms. So we take the
objects of [*"W to be all pairs (4, X) with A € 4 and X € W(A), and define
G(W) (A, X):=A. We then set ¢(4x) = pa(X).

But ¢ also needs to encode the assignment of every ¢ 4 on morphisms a: X — X’
in W(A). Lax naturality of ¢ allows to have, for every ¢: (4, X) — (4, X’) in
fOPW, a 2-cell

| 299, 14, Cat] (v(A), U)

|

= l—oy(g(vvfp(s))

e
1 m (A4, Cat] (y(A"),U)

For every A € 4 and a: X — X’ in W(A), we need a morphism (4,X) —

(A, X") in [*PW whose image with respect to G (W) is id4. Wishing to write the

action of G (W) as a projection on the first component, we call such morphism

(A, X) = (A, X') as (ida, ). We set @i, ,a) = wala).
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We now encode the 2-naturality of ¢ into the relaxed naturality of p. For every

f:A— A"in 4 and X € W(A), the naturality of ¢ expresses the equality
pa(W()(X)) = pa(X) oy ()
So, for every f: A — A"in 4 and X € W(A), we need a morphism
[ (AX) = (AW (f)(X))
in [*"W such that G (W) (iX) = fand ¢px =1id.

It is natural to take id,™ = (id4,idy) for every A € 4 and X € W(A) and ask
any of such equal morphisms to be the identity on (A, X). We then need to close
the union of the two kinds of morphisms (id4, @) and iX under composition. For
this, we notice that, given f: A — A" in 4 and a: X — X’ in W(A), the two
morphisms iX/ o (id4, ) and (ida, W(f)(a)) o iX in [*"W will have the same
associated structure 2-cell of ¢, by lax naturality of ©. We then take such two
morphisms in f PW to be equal, so that we will be able to recover the naturality
of ¢ (on morphisms) starting from @. At this point, every finite composition of
morphisms in [ W can be reduced to a composite

(id 47,0)

(4,3 L ( w(p(x) (4%, X)

for some f: A — A" in 4 and a: W(f)(X) — X' in W(A’). We define the
morphisms in [ W to be all the formal composites (ida/, ) o iX , that we call
(f, ). And we see that iX = (f,idw(s)(x)). Functoriality forces G(W) (f, o) = f,
and lax naturality forces

P(f0) = Plidgrao(rid) = par(@) 0id = pa(a).
We now want to encode the 2-dimensional part of the 2-naturality of ¢ into the
2-dimensional part of the relaxed naturality of ¢. Lax naturality of ¢ allows to

have, for every 2-cell Z: (f,a) = (g,8): (4,X) = (A, X') in [*°W,

1 249 13 cat] (v(A), U) 1 P49 13 cat] (v (A), U)
%X) ‘/Oy(f) Sa%y(g C*yQ(W >—oyf) (1-4)
1 — [4, Cat] (y(A), U) 1 — 4, Cat] (y(4), U)

Par,x’) Par,x’)
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The 2-naturality of ¢ expresses the following equality, for every 2-cell 9: f =
g: A— A'in 4 and for every X € W(A):

pa(W(0)x) = pa(X) y(9) : pa(W(f)X)) = pa(W(g)(X)).
So, for every 2-cell 0: f = g: A — A’ in 4 and every X € W(A), we need a
2-cell in fOPW, that we call 6~ or just , such that

8% (fW(8)x) = (g,id): (A, X) — (A, W(g)(X))

and G (W) (6*) = 8. These 2-cells are closed under both vertical and horizontal
composition, inherited from A, but we have to close them under whiskering
with morphisms (ida, ). Notice that for every §: f = g: A — A’ in 4 and
every a: X — X’ in W(A), we have that the axiom of equation (1.4) of ¢ on
the two whiskerings 0% (ida, a) and (ida, W(g)(a))8™ in [W is exactly the
same. So we ask such two whiskerings in [ W to be equal. At this point,
every horizontal composition of 2-cells in [ PW can be reduced to a whiskering
of the form (id, 3)d* for some 2-cell 6: f = g: A — A’ in 4, X € W(A) and
B: W(g)(X) — X' in W(A"). We define the 2-cells in [*"W to be precisely such
formal whiskerings. Equivalently, a 2-cell (f,a) = (g,58): (4, X) — (A4, X’) in
[PW is a 2-cell §: f = g in 4 such that

a=pFoW(d)x.

For this, we will call such 2-cell just §: (f, a) = (g, ). Compositions are inherited
from 4. Then 2-functoriality forces G (W) (§) = 4.

It is straightforward to show that [*"W is a 2-category and that G(W) : [PW —
A is a 2-functor. Notice that we have also described the right notion of relaxed 2-
natural transformation that ¢ needs to satisfy to encode the 2-naturality of ¢. We
will define it in Definition 1.1.9. It is a form of marked lax natural transformation,
i.e. a lax natural transformation such that certain structure 2-cells are asked to

be identities.

We read from Construction 1.1.4 the following explicit definition of the 2-category
of elements, that coincides with the one of Street’s [42, just above Theorem 15]

(called there ”Grothendieck construction”).
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Definition 1.1.5. Let F': B — (at be a 2-functor with B a 2-category. The
2-category of elements of F is the 2-functor G(F): ["F — B, given by the

projection on the first component, with f P such that:

an object of ["F is a pair (B, X) with B € B and X € F(B);

a morphism (B, X) — (C, X') in [*"F is a pair (f,«) with f: B — C' a morph-
ism in B and a: F(f)(X) — X’ a morphism in F'(C);

a 2-cell (f,a) = (g,8): (B,X) = (C,X") in ["W is a 2-cell : f = g in B
such that a« = o F(d)x;

the compositions and identities are as described in Construction 1.1.4.

Remark 1.1.6. The 2-category of elements is a natural extension of the usual
Grothendieck construction, that allows B to be a 2-category rather than just
a l-category. It is also the restriction of the 2-Grothendieck construction of
Bakovi¢ [5] and Buckley [10] to 2-functors into 2-(Cat that factorize through Cat.
Analogously, the corresponding notion of opfibration is a natural extension of
the usual notion, and at the same time a locally discrete version of Hermida’s
2-fibrations ([23]). Notice from Construction 1.1.4 that having a 2-cell § in a
2-category of elements is indeed a property for the underlying 2-cell § in the base

category.

Definition 1.1.7 (Lambert [31]). Let B be a 2-category. A discrete 2-opfibration
over B is a 2-functor P: E — B such that

(i) the underlying functor Py of P is an ordinary Grothendieck opfibration;

(ii) for every pair X,Y € E the functor
Pxy:E(X,Y)— B(P(X),P(Y))

is a discrete fibration.

We say that P is split if Py is so.
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Theorem 1.1.8 (Lambert [31]). Let B be a 2-category. The essential image of
the 2-functor
G(=): [B, Cat] - 2-Cat /g

18 given by the split discrete 2-opfibrations with small fibres.

We will extend Theorem 1.1.8 to a complete 2-equivalence between [B, Cat] with
various laxness flavours on morphisms and corresponding 2-categories of discrete

2-opfibrations in Section 1.2.

From Construction 1.1.4 we also obtain the following definition.

Definition 1.1.9. Let W: A4 — (Cat be a 2-functor with A4 small, and consider
2-functors M, N: [ PW — D. A cartesian-marked laz natural transformation o

from M to N, denoted ao: M == N, is a lax natural transformation « from M

laxcart

to N such that the structure 2-cell on every morphism of the form

(fridwipn): (A,X) = (B, W(f)(X))
in [*"W is the identity.

Remark 1.1.10. Cartesian-marked lax natural transformations are a particular
case of a more general notion of marked lax natural transformation introduced
by Gray in [20, Section I,2]. “Cartesian” refers to the fact that the marking
is precisely given by the chosen cartesian liftings of the 2-category of elements
G(W): ["W — A. Street showed in [42] that this less general notion is suffi-

cient to build all the general limits considered by Gray.

Definition 1.1.11. Let W: 4 — (Cat be a 2-functor with A4 small, and let
F fOPW — C be a 2-functor. Notice that fOPW is small, since A is small. The
cartesian-marked laz conical limit of F, denoted as lax®* -lim™' F, is (if it exists)
an object L € C together with an isomorphism of categories

cw.n=[["w.cat] _ (aLcwFE)

laxcart

2-natural in U € C°, where [ i W, Cat} is the 2-category of 2-functors,

laxcart
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cartesian-marked lax natural transformations and modifications from f PW to

Cat (it is straightforward to show that this is indeed a 2-category).

When lax®®-lim“! F' exists, the identity on L provides a cartesian-marked lax

natural transformation A\: Al == C (L, F((—)) called the universal cartesian-
laxcar

marked laz cone.

For the definition of cartesian-marked lax conical 2-colimit in C, we apply the

definition above to a 2-functor F': [ PW — C°P. As usual, we prefer to consider

instead F°P: ( f OpW)Op — C, but this time we cannot rename ( f OpW) P as some

[z

Let W: A4 — (Cat be a 2-functor with A4 small, and let F': (fOpW)Op — C
be a 2-functor. The cartesian-marked lax conical colimit of F', denoted as
lax®® -colim™' F', is (if it exists) an object C' € C together with a natural iso-

morphism of categories

ce,u)=[[ W cat] (AL C(F(-),0))

laxcart
Remark 1.1.12. Considering 2-functors F' of the form F': [ W — C in Defin-
ition 1.1.11 is not restrictive at all. Indeed any 2-category B can be seen as the
2-category of elements of the 2-functor Al: B — (Cat constant at 1. We calculate

that [*"Al = B and that G (A1) is the identity 2-functor up to this isomorphism.

We now show a new, more elementary proof of the fact that cartesian-marked
lax conical limits are particular weighted 2-limits. Street states the analogous
result in [42, Theorem 14] for all the general 2-limits introduced by Gray in [20,
Section 1,7] (cartesian quasi-limits), with a complex proof that gives the weight as
the coidentifier of a certain 2-cell with horizontal codomain the weight of lax con-
ical limits. We present an original explicit weight for cartesian-marked lax conical
limits that is actually simpler than the one for lax conical limits. Indeed the lat-
ter involves quotients of lax 2-dimensional slices (see Street’s [42, Theorem 11]),
while the former only needs ordinary 1-dimensional slices. The reason is that the
laxness of cartesian-marked lax natural transformations is concentrated in the

vertical part of [*°W.
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Theorem 1.1.13. Cartesian-marked lax conical limits are particular weighted
2-limits. More precisely, given 2-functors Z: A — Cat and F: fOPZ — C with

4 small, the weight that realizes lax®®* -lim™* F is

Wlaxcart ' fOpZ . cat
(B, X') Z(B) |y
L) = 1 Boz(9)(-)
(C, XU) Z(C) /X//
: B02(9)(-)
6 ([B)on © ZB)/x 7Ouncr Z(C) xr
~_ ¥+ ~
(€, X") 102 (-)

where the action of B o Z(g)(—) on morphisms is given by Z(g)(dom(—)).

Proof. Given ¢: Al == N a cartesian-marked lax natural transformation, we

laxcart

convert it into a 2-natural transformation [p]: W'

(B,X') e [*Z,

cart

= N setting, for every

[l B.xn(idxr) = oBx)

X —— X'\
lexy | “ 2 = Plidp,0)-
X/

[¢] extends in a unique way to a 2-natural transformation. [l

Corollary 1.1.14. Cartesian-marked laz conical colimits are particular weighted

cart

2-colimits, and the weight that expresses them is W™

We now present our new proof of the fact that every weighted 2-limit can be re-
duced to a cartesian-marked lax conical one. This was first proved by Street in [42,
Theorem 15]; another proof can be derived from Proposition 3.18 of Szyld’s [44].
Our proof is based on the elementary Construction 1.1.4, allowing it to be un-

derstood by a wider audience.

Theorem 1.1.15. Fvery weighted 2-limit can be reduced to a cartesian-marked

lax conical one. More precisely, given 2-functors F': A — C and W: 4 — (Cat
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with A small,
lim" F 22 Jax® -lim®! (F o G (W))

either side existing if the other does, where G (W) is the 2-category of elements
of W.

Proof. By Remark 1.1.3, we can just essentially conicalize the weighted 2-colimits
W 22 colim"'y

with W: 4 — (Cat a 2-presheaf with 4 small and y: 4°° — [4, Cat] the 2-
Yoneda embedding. We thus want to extend Construction 1.1.4 to an isomorph-

ism of categories

A, Cat) (W, [, Cat) (y(=), U) = | ["'W. Cat|  (A1,14,Cat) (oG (W)")(=), U))
(1.5)

2-natural in U € [A4, Cat], expressing
W = colim"'y 2 lax®* -colim™! (y oG (W)°P).

This is straightforward, using that in [*"W we have (id, W (f)(a)) o (f,id) =
(f,id) o (id, @) for every f: A — Bin 4 and a: X — X’ in W(A), and that any
2-cell § in 4 lifts to a 2-cell % in fOPW.

Consider now 2-functors F': 4 — C and W: 4 — (Cat with A4 small. Then by
the argument above and Corollary 1.1.14

W 2 lax®* _colim®! (y oG (W)P) = colim™™  (y oG (W)P).

By the lemma of continuity of a limit in its weight (see Remark 1.1.3) and The-

orem 1.1.13,

cart

(19 ) 2 im0 (W) =

cart

lim" F = 1im™"*
= Jaxet - lim ™! (F o G (W)

where the isomorphism in the middle is easy to prove. O
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Remark 1.1.16. The proof of Theorem 1.1.15, together with the proofs of The-
orem 1.1.13 and Corollary 1.1.14, also shows how to obtain the correspondence
between the universal cylinder of a weighted 2-limit and the associated universal

cartesian-marked lax cocone. Calling the two, respectively,
X W= C(L,F(—))

A Al == C(L,(FoG(W))(=))

laxcart

the correspondence is given, for every (f,a): (4,X) — (B, X’) in [W, by

é(A,X) =Aa(X) and é(ﬂa) = Ag(a). (1.6)

Proposition 1.1.17. A weighted 2-limit is preserved or reflected precisely when

its associated cartesian-marked lax conical limit is so.

Proof. Clear after Remark 1.1.16. n

Remark 1.1.18. As weighted 2-colimits in C are just weighted 2-limits in C°P, we
automatically obtain from Theorem 1.1.15 the reduction of weighted 2-colimits in
C to cartesian-marked lax conical ones. More precisely, given 2-functors F': 4 —

C and W: A4°° — Cat with 4 small, we obtain that
colim" F 2 lax®® - colim®! (F o G (W)°P),

where G(W) : [PW — 4.

But when W: 4°°® — (at, there is a more natural 2-category of elements con-
struction that we can do on W, i.e. the one which produces the projection on the

first component G(W) : [W — A, with [W defined as follows:

an object of [W is a pair (A, X) with A € 4 and X € F(A);

a morphism (A, X) — (B, X') in [W is a pair (f,«) with f: A — B a morph-
ismin 4 and a: X — W(f)(X’) a morphism in W(A);

a2-cell (f,a) = (9,0): (A, X) = (B,X') in [W isa2-cell §: f = ¢ in 4 such
that W(d)x o a = f3;
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the compositions and identities are analogous to the ones described in Construc-

tion 1.1.4.

In dimension 1, given Z: A° — Set, we have that ([**Z)™ and [Z coincide,

but this is not true in dimension 2.

We believe that it is more natural to reduce weighted 2-limits to cartesian-marked
lax conical ones and weighted 2-colimits to cartesian-marked oplax conical ones.

This idea is original and brings to Theorem 1.1.21 and Theorem 1.1.22.

Definition 1.1.19. Let W: A4°° — (Cat be a 2-functor with 4 small, and con-
sider 2-functors M, N: ( Ik W)Op — D. A cartesian-marked oplax natural trans-

formation o from M to N, denoted a: M === N, is an oplax natural trans-

Oplaxcart

formation o from M to N such that the structure 2-cell on every morphism

(f,id): (B, X) « (A, W(f)(X)) in [W is the identity.

Definition 1.1.20. Let W: A4°°® — (Cat be a 2-functor with 4 small, and let
F: [W — C be a 2-functor. The cartesian-marked oplax conical 2-colimit of F,
denoted as oplax®*-colim™! F, is (if it exists) an object C' € C together with a

2-natural isomorphism of categories

ce.vy=[(fw)”, cal (AL, C(F(-),U))

Opl axcart

cart

When oplax®@* -colim®! F' exists, the identity on C provides a cartesian-marked

oplax natural transformation p: Al ———= C(F(—),C) called the universal

Oplaxcart

cartesian-marked oplax cocone.

Theorem 1.1.21. Cartesian-marked oplax conical 2-colimits are particular
weighted 2-colimits.  More precisely, given 2-functors Z: A°® — (Cat and

F: [Z — C with A small, the weight that realizes oplax® -colim®! F is

WPt ([ 2) — Cat
(B, X") X'/ z(B)
T8 12(9)(—)e8
(C, X//) X///Z(C)

where the action of Z(g)(—) o B on morphisms is given by Z(g)(cod(—)).
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Proof. The proof is analogous to the one of Theorem 1.1.13. O

Theorem 1.1.22. Fvery weighted 2-colimit can be reduced to a cartesian-marked
oplax conical one. Given 2-functors F': A — C and W: A°° — (Cat with A
small,

colim"' F' 22 oplax®* -colim™! (F o G (W))

where G(W) . [W — A4 is the 2-category of elements of W.

Proof. The proof is analogous to the one of Theorem 1.1.15. [

Remark 1.1.23. Exactly as in Remark 1.1.16, in the notation of Theorem 1.1.22,
we can calculate the correspondence between the universal cocylinder of colim" F
and the universal cartesian-marked oplax cocone of oplax®* -colim®! (F o G (W)).

We find that it is the same as the one in equation (1.6).

Proposition 1.1.24. A weighted 2-colimit is preserved or reflected precisely when
its associated cartesian-marked oplax conical colimit is so.

Proof. Clear after Remark 1.1.23. [

Example 1.1.25. By the proof of Theorem 1.1.22, every 2-presheaf W: 4P —

Cat with A4 small can be expressed as
W 2 oplax®" -colim™! (y oG (W)).

The universal cartesian-marked oplax cocone is given by

(B, X') y(4) 5 W
Vo (e in JW 0 W
(A, X) v(B) [X1

In particular, taking 4 = 1, W is a small category D and G(W) is D — 1.
We obtain that 1 is “cartesian-marked oplax conical dense”, building D with

universal cartesian-marked oplax cocone

11—

D
vV 4pinD Hy
C 1 D
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1.2. Pointwise Kan extensions along

discrete 2-fibrations

In this section, we propose an original definition of pointwise Kan extension
in 2-Cat,, along a discrete 2-opfibration (Definition 1.2.16). Our motivating
application is a 2-dimensional generalization of the fact that the category of
elements can be abstractly captured by a comma object that also exhibits a
pointwise Kan extension. We will prove it in Theorem 1.3.12 using such definition.
We explain why we should consider 2-Caty,, in order to prove this, and then we
inscribe 2-Cat.y in an original idea of 2-4-enrichment. It is the concept of 2-/-
enriched category that guides us to a notion of colimit in a 2-Set-enriched category
and then to our notion of pointwise Kan extension in 2-Cat... We thus interpret

the 2-category of elements as the 2-Set-enriched Grothendieck construction.

Our motivations are to capture the Grothendieck construction in an abstract way,
towards an enriched version of the Grothendieck construction, and to understand
how the various properties of the 2-category of elements are connected with each
other. We will show in Section 1.3 that the pointwise Kan extension result which

we prove in Theorem 1.3.12 implies many other properties.

An important ingredient will be that a pointwise Kan extension in 2-Catj.y
is always a weak Kan extension (Definition 1.2.9) as well.  The proof
(Proposition 1.2.19) will be based on an oplax®'®-lax generalization of the para-
metrized Yoneda lemma (Theorem 1.2.18), that does not seem to appear in the
literature. While a fully lax parametrized Yoneda lemma is not possible, we show
that cartesian-marked oplax naturality is strict enough to expand the data on

the identities to a lax natural transformation.

The first problem that we encounter is to understand which ambient hosts the
2-category of elements construction. Aiming at a 2-dimensional generalization of
the fact that the category of elements can be captured by a comma object that

also exhibits a pointwise left Kan extension, we recall the following proposition,
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due to Bird.

Proposition 1.2.1 (Bird [6]). Let F': ‘B — Cat be a 2-functor and consider its
2-category of elements. There is a cartesian-marked lax natural transformation A

of the form
PP — 1

Q(F)l laXcart J/l

@#Cﬂt

Proof. Given a morphism (f,a): (4,X) = (B, X') in [*"F, A\(4,x) is the functor
1— F(A) corresponding to X € F(A) and \(f4) corresponds to a. O

Remark 1.2.2. Proposition 1.2.1 forces us to move out of 2-Cat in order to
capture the 2-category of elements (but also just the usual Grothendieck con-
struction) from an abstract point of view. Indeed, we need to at least admit
lax natural transformations as 2-cells. If we wish to recover the Grothendieck
construction of pseudofunctors or of general lax functors into Cat, we also need
to admit lax functors as 1-cells of our ambient. We will just consider strict 2-
functors for simplicity, but we actually expect everything to hold for lax functors

as well.

We call 2-Cat,, the lax 3-category of 2-categories, 2-functors, lax natural trans-
formations and modifications. In [31, Theorem 2.22|, Lambert has indeed proved
that this forms a lax 3-category, i.e. a category enriched over the cartesian closed
1-category of 2-categories and normalized lax functors (where normalized means
that identities are preserved strictly). 2-Catp.y is actually a restriction of the lax
3-category obtained by enriching the 1-category of 2-categories and normalized
lax functors over itself: we consider for simplicity strict 2-functors rather than lax
functors. The idea to use 2-Cat,y is reinforced by the fact that Buckley, in [10]
(continuing the work of Bakovié’s [5]), found the need to consider trihomomorph-
isms F': B©P — 2-Cat,, in order to capture non-split Hermida’s 2-fibrations

([23]) via a suitable Grothendieck construction.

We should keep in mind that 2-Cat., has no underlying 2-category, since the
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interchange rule now only holds in a lax version, in the sense that we have a
modification between the two possible lax natural transformations. Indeed, con-

sider two lax natural transformations

F H
PR A
A " B s C;
~_ ~_ 7
G K
Then for every A € 4, the component a4 is a morphism F(A) — G(A) in B and

we can consider the structure 2-cell of 8 on such morphism. We obtain that 3, ,

is a 2-cell in C of the form
H(P(A)) 2% K(F(A)

H(aml 5, lmm)
>A

H(G(A)) 5.— K(G(A))

And the 3, ,’s collect into a modification 3,, since the condition we should check
on a morphism f: A — A’ in A4 is guaranteed by the 2-dimensional property of

B being a lax natural transformation, applied to the 2-cell a; in ‘B.

Remark 1.2.3. With the motivating exploration of enriched fibrations and
Grothendieck construction in mind, we inscribe 2-Caty,, in an original idea of
2-V-enrichment. Recall that Set is the archetypal elementary topos. Its su-
bobject classifier exhibits a bijection between functions into 2 and subsets of
the domain. We can consider this as the O-category of elements construction.
Then, according to Weber’s [51] (as we will also recall in Section 3.1), Cat is
the archetypal 2-dimensional elementary topos, and its 2-dimensional classifica-
tion process is the category of elements construction. In this chapter, we claim
that 2-Caty,, is the ambient that hosts the 2-category of elements construction.
We will say in Remark 1.3.9 how our work could be applied to 3-dimensional

elementary topos theory. We believe that the sequence
Set ~  (Cat ~  2-(Catiy

is best explained by what we call a 2-¥-enrichment. That is, for ¥ a general

nice enough monoidal category, we will have the sequence

V ~ YV-Cat ~ 2-V-Cat
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When we enrich over V-Cat, we should take into account the fact that V-Cat is
a monoidal 2-category, and then take a weak enrichment rather than an ordinary

one.

The 2-V-enrichment idea will guide us to propose a notion of colimit and of
pointwise Kan extension in 2-(Cat,,. We also notice that the further step in the
sequence above could bring towards a version of Gray-categories, but we have not

investigated this yet.

We recall the following known remark on the ordinary enrichment.

Remark 1.2.4. If (7, ®,1) is a monoidal category with coproducts such that
—® — preserves coproducts in each variable, we can define a ‘V-enriched category
as pair (S, A4) with S a set, that will be the set of objects, and A a monoid in the
monoidal category [S xS,V } of functors (actually given by mere functions) from
Sx S to ¥ and natural transformations (actually given by the mere components),
that we think of as the monoidal category of square matrices indexed by S with
entries in ¥/, with the tensor product given by matrix multiplication and tensor
unit given by the identity matrix (with I all over the main diagonal and the
initial object elsewhere). The multiplication of the monoid A4 gives indeed the
composition of the enriched category, the unit gives the identities and the axioms

of monoid precisely ask the composition to be associative and unital.

We can then also define ¥-enriched functors on this line, using the following
construction. Given a V-enriched category (T, B) and a function F: S — T, we

can define a monoid F*B in [S x S, V], taking

FXxF

F*@:(SxS—mxTﬁwV)

and defining the multiplication and the unit by whiskering those of B with F x F
on the left. Indeed F™*B is a monoid, by pasting calculations, since all the required

axioms just involve cells of strictly higher levels than F' x F.

Given (S,4) and (T,B) two V-enriched categories, a V-enriched functor
(S,4) — (T,B) can be defined as a pair (F,F) with F: S — T a function
and F: 4 — F*B a morphism between monoids in [S x S, ’V].



1.2. POINTWISE KAN EXTENSIONS ALONG DISCRETE 2-FIBRATIONS 37

We now give a weak 2-categorical generalization of Remark 1.2.4. The concept of
weak enrichment is explored in Garner and Shulman’s [17]. In the terms presented
below (on the line of Remark 1.2.4), however, it does not seem to appear in the

literature.

We will use the concepts of pseudomonoid in a 2-category and of lax morph-
ism between them. A definition of them can be found in Moeller and Vasilako-

poulou’s [38].

Construction 1.2.5 (Weak enrichment). Let (X, ®,I,a, A, p) be a monoidal
2-category, i.e. a 2-category X that is monoidal in the 1-dimensional sense but
such that the tensor product is a 2-functor X x X — %K. And assume that
K has coproducts and that — ® — preserves them in each variable. Then, for
every set S, the 2-category [S x S, K] is 2-monoidal as well, with tensor product
given by matrix multiplication and tensor unit given by the identity matrix.
Indeed, the matrix multiplication can be extended to a 2-functor using the 2-
dimensional property of the (now enriched) coproducts, with the 2-functoriality
given by the fact that everything can be discharged on components and that
—® —: X x K — K is a 2-functor.

We define a K -weakly enriched category as a pair (S, A4) with S a set, thought as
the set of objects, and A4 a pseudomonoid in the monoidal 2-category [S x S, K]
of square S-indexed matrices with entries in & (whose 1-cells are the 2-natural
transformations and whose 2-cells are the modifications). Notice that a strict
2-monoid in [S x S, K] is the same thing as a monoid in the monoidal category

[S x S, Kp], and thus precisely an enriched category over K with object set S.

Now, notice that if (7', B) is a K-weakly enriched category and F': S — T is a
function,

F*@:(SxSMTxT%fV)

is a pseudomonoid in [S x S, K], defining all the needed structure cells as those
of B whiskered with F' x F on the left. That F*B is a pseudomonoid holds by
pasting calculations, since all the required axioms just involve cells of strictly

higher levels than F' x F'
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Given two K-weakly enriched categories (S, 4) and (T, B), we define a K -weakly
enriched functor (S, 4) — (T, B) as a pair (F, F) with F: S — T a function and

F: 4 — F*B alax morphism between lax monoids in [S x S, K].

Given now (F, F), (G, G): (S,4) — (T, B) two K-weakly enriched functors, we
define a K-weakly enriched natural transformation ¢: (F,F) = (G,G) as a

collection of 1-cells

pa: I — B(F(A), G(A))
in K for every A € S and 2-cells

. AABGI G990 B(GA,GB) ® B(FA,GA)
Aam)_x —comp
A(A, B) HW,B B(FA,GB)
—1 \ %})
08 1@ A(A, B) ——» B(FB,GB) @ B(FA,FB
$YB®

in K for every pair (A,B) € S x S such that, for every A, B,C € S, with
notations like Ay p = A (A, B) and Q?i’g = B(F(A), G(B)) and omitting the
tensor product of objects, the pasting in X

FG
gAA

vA

xl
unit,}1
» BG5S  IBLG =
idx‘ éll V ||Xi1 \dG‘(A)(gl
Aua 25 Al C2 GG 1994 peagre oM gro

)& U,S@A,A AP

FF FGQRFF

idG(A)

1

is equal to the pasting

FG
“y $AA unit ;!
%1 ~
ot

. ea®l ppa R L EG oEE FG
> I » Baal — BaiBus wmy Bad

) . Il
M 1®idF(a) oa®l
da F

I
|
i I BYY —— 1BiX
~F

Asa

I

and the pasting in X
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1G 1®com G
Ape (Anpl) =5 Ape (BGGBYG) —="0 5 ApoBiG — 2L BEGBLG

1®p~ 1 1®comp 1®comp
4 1@ e I

1QA! 1®ppQF FGmFF\ G®1xl felel FGmFF comp
ApcAsp —— Apc (IAap) —— Apc (BEEBAk) —— Bié (BpgBik)
1

1QF I aT aSSf;q_s
P Ap e B s (Aped) B U (BIIBEG) BYE BLS
BieBin (IApc) Bih ——rar (BEEBLE) Bib —ommar BHCBAE
Fﬂ comp aS;CfB
Auo— B IBE R

is equal to the pasting

Ape (Aupl) 228 Ape (BGSBES) 2 ApcBLY

GR1
1®p71 1 assoc%1

GG MGG comp GG P GG o GGmMFG

% % =
@BC gAB gAC’ $AC I QBC gAB

i TP TS

4.4 . p! s Aarl Goya BGG BFG com

BCAAB comp  “TAC r Aacl ——— DAC DA P

com
m HM’O \ ’

FGmQFF FG
_ _
[Asc PCe®F 300 $AC comp $AC

We notice that Construction 1.2.5 is particularly useful when X is V-Cat, since

we obtain a construction that we can apply to a starting ordinary V.

Definition 1.2.6 (The 2-7-enrichment). Let % be a nice enough monoidal
category such that 9/-Cat with the tensor product of ¥-categories (so we need
at least a braiding in /) becomes a monoidal 2-category with coproducts such

that its tensor product preserves them in each variable.

We call 2-V-enriched category (resp.  functor, natural transformation) a
(‘V—Cat)—weakly enriched category (resp. functor, natural transformation). We
call 2-V-Cat the tridimensional structure they form. A notion of 2-%-enriched

modification could be given as well.

Example 1.2.7. Consider %/ = Set. Then 2-Set-enriched categories, func-
tors, natural transformations and modifications are, respectively, bicategories,

lax functors, lax natural transformations and modifications.
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We will think of 2-Catj., as the lax 3-category of 2-Set-enriched categories, re-

stricted to strict weakly enriched categories and functors for simplicity.

Remark 1.2.8. We can now think of the 2-category of elements construction as
the 2-Set-enriched Grothendieck construction. It takes enriched presheaves with
values in Set-Cat = (Cat, that is the base of the weak enrichment we consider, and

converts them into discrete 2-opfibrations, that can be seen as 2-Set-opfibrations.

In future work, we will explore how we can generalize this to more general mon-
oidal categories ¥ in the place of Set, thus obtaining an enriched Grothendieck
construction. In particular, we believe that for this the 2-Set-enrichment should
be distinguished from the ordinary Cat-enrichment; we actually expect the latter

to be less useful than the former.

We give an original definition of weak Kan extension in a lax 3-category.

Definition 1.2.9. A diagram

B ¢

127

A

in a lax 3-category Q (that is a category enriched over the 1l-category of 2-
categories and lax functors), exhibits L as the weak left Kan extension of F' along

K, written L = lan F, if pasting with A gives an isomorphism of categories
Q(A,C) (L, U) = Q(B,C) (F.UcK) (L.7)
for every U € Q (A4, C) (the 2-naturality in U is granted automatically).

Remark 1.2.10. Lambert showed in [31, Theorem 2.22] that 2-Catyy is a lax

3-category with hom-2-categories

2‘C‘atlax (/qa C) = [“q7 C]

lax

where [A4, (], is the 2-category of 2-functors from A to C, lax natural trans-

lax

formations and modifications.
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So, in the notation of Definition 1.2.9, the isomorphism of categories of equa-

tion (1.7) becomes, for every U € [4, (]

lax?

A4, Cl,.. (L,U) =B, (], (F,UocK).

lax lax

Remark 1.2.11. We aim at a notion of pointwise Kan extension in 2-Cat., that
allows us (Theorem 1.3.12) to prove a 2-dimensional version of the pointwise Kan
extension result that we have for the category of elements. For this we need a
notion of (co)limit in the setting of 2-Cat.x. There surely is a natural notion of
“external limit” in this context, i.e. a limit in the whole 2-(Cat,,., which is that
of limit enriched over the 1-category of 2-categories and lax functors. Indeed
2-(Caty,y is enriched over such 1-category. For C a 2-category, this recovers e.g.

the natural isomorphism
2‘Catlax (rz’la IdC // IdC) = 2_Catlax (27 2’Cat1ax (7'17 C))

presented by Lambert in [31] as the universal property of the lax comma object

Id¢ / 1d¢ (see Definition 1.3.4) being the power of C by 2 in 2-Caty,y.

But we are more interested in an “internal” notion of colimit, i.e. a notion of
colimit in a 2-Set-enriched category (after Example 1.2.7). This should include
the notion of colimit in a 2-category, but be able to express the laxness as well.
After Section 1.1, we use (now non-necessarily conical) cartesian-marked oplax
colimits as colimits in a 2-Set-category (see Definition 1.2.12). Notice that the
marking is a piece of structure. These colimits are a particular case of the sigma-
omega-limits (or sigma-s-limits) considered by Szyld in [44] and [45]. By Proposi-
tion 3.18 of Szyld’s [44], these colimits can all be reduced to (still marked) conical
ones. However, expressing the diagram, the weight and the marking as different
pieces of structure makes it easier for us to define pointwise Kan extensions in

2 —Clltlax.

Definition 1.2.12. Let M: 4°° — (Cat (the marking), F': [M — C (the dia-
gram) and W: ([M)™ — Cat (the weight) be 2-functors with 4 small. The

cartesian-marked oplax colimit of F' marked by M and weighted by W, denoted



1. THE 2-Set-ENRICHED GROTHENDIECK CONSTRUCTION
42 AND CARTESIAN-MARKED LAX LIMITS

as oplax$3™ -colim" F, is (if it exists) an object C' € C together with an isomorph-

ism of categories

ce.vy = [(Ju)" cat]  (WCFE).0)

Oplaxcart

2-natural in U € C. When oplax$y* -colim"' F' exists, the identity on C provides a
cartesian-marked oplax natural transformation p: W m C(F(—),C) called
the universal cartesian-marked oplax cocylinder.

We will also need to consider the case in which the domain of F' is expressed
as fOPM for some 2-functor M: 4 — (Cat, and W: (fOpM)Op — (Cat. The
cartesian oplax colimit of F opmarked by M and weighted by W, denoted as
oplaxg?f_tM—colimWF , is (if it exists) an object C' € C together with a 2-natural
isomorphism of categories

ce.v=|(J"m)" cat|  (W.C(F(-).0)

oplaxcart

Definition 1.2.13. Recall from Remark 1.1.12 what we can now call the trivial
marking and denote as triv. That is, given A4 a 2-category, we can view A4 as the
2-category of elements of Al: 4 — (Cat. Cartesian-marked oplax with respect to

the trivial marking coincides with strict 2-naturality.

Remark 1.2.14. We can now rephrase Theorem 1.1.22 as follows:

In 2-Catyay every trivially-marked weighted 2-colimat can be equivalently expressed

as a marked trivially-weighted 2-colimit. More precisely

oplaxt _colim" F' 2 oplax{¥* -colim™! (F o G (W))

Example 1.2.15. Let F': 4°°® — (Cat be a 2-functor with A4 small. Then by
Example 1.1.25
F = oplax$™ -colim®! (y oG (F))

In particular, taking 4 = 1, we obtain that for every small category D

D = oplax$™ -colim™! Al
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Notice that the marking given by D is “chaotic”, in the sense that cartesian-
marked oplax with respect to it coincides with oplax. In 2-Cat., the 2-functor
1: 1 — (at is thus conically dense, analogously to the fact that the functor

1: 1 — Set is dense.

We now propose an original notion of pointwise left Kan extension in 2-Cat.y
along a discrete 2-opfibration, using our definition of colimit in such setting
(Definition 1.2.12). Our idea is to keep the corresponding diagram and weight
considered in the (ordinarily) enriched setting (see Dubuc’s [16] or Kelly’s [28,
Chapter 4] for the classical definition), but adding the marking that we natur-
ally have when we extend along a discrete 2-opfibration. In Theorem 1.3.12, this
notion will allow us to prove a 2-dimensional version of the fact that the comma

object that captures the category of elements exhibits a pointwise Kan extension.

Definition 1.2.16. Consider a diagram

B—L—— ¢

L

Aa
in 2-Caty,, with B small and K a discrete 2-opfibration. Then by Theorem 1.1.8,
K is isomorphic in the slice 2-Cat / g to G (M) for some 2-functor M : 4 — Cat.
We can assume K is in the form G (M), up to whiskering the diagram with the
isomorphism in the slice. Assume further that \ is a cartesian-marked lax natural

transformation with respect to M.

We say that A exhibits L as the pointwise left Kan extension of F along K,
written L = Lang F, if for every A € 4

L(A) = oplaxggr_tM—colim’q(K(_)’A)F

with universal cartesian-marked oplax cocylinder

CO_id)
_

A(K (=), A) = C((Lo K)(=), L(A)) C(F(=), L(A);  (1.8)

Oplaxcart

or equivalently if for every A € 4 and every C € C the functor

C(L(A), C) — [B, Cat] pjaxear (A (K (=), A), C (F(=), C))



1. THE 2-Set-ENRICHED GROTHENDIECK CONSTRUCTION
44 AND CARTESIAN-MARKED LAX LIMITS

given by the cartesian-marked oplax natural transformation of equation (1.8) is
an isomorphism of categories (notice that the 2-naturality in C' and A is granted,

where the latter is using that L is a 2-functor).

The rest of this section is dedicated to the proof that every pointwise left Kan ex-
tension in 2-Caty,y, along a discrete 2-opfibration (as defined in Definition 1.2.16)

is a weak left Kan extension in 2-Cat,, as well.

For this, we need a generalization of the parametrized Yoneda lemma which is
cartesian-marked oplax and lax together (Theorem 1.2.18). Such result does not
seem to appear in the literature. While a fully lax parametrized Yoneda lemma
is not possible, since it is the strict naturality that classically allows to expand
the datum on the identity to a natural transformation, our version shows the

minimal strictness needed to do so.

Interestingly, such expansion in the fully strict 2-natural case classically depends
on the naturality of what will be our parameter A. Instead, we will need to
expand via the slight strictness of the cartesian-marked oplax naturality in B.

And an expansion through B is harder to achieve than one through A.

Definition 1.2.17. Let G, H: B°® x C — ‘E be 2-functors. Assume that B is
endowed with the cartesian marking presented by a (split) discrete 2-opfibration
K: B — A4 (with small fibres). That is, B = [*M for some 2-functor M : 4 —
Cat and has the cartesian marking. An oplax®-lax natural transformation o

from G to H is a collection of morphisms
agc: G(B,C) — H(B,(C)

in E for every (B,C') € B°® x C and, for every f: B’ — B in B® and g: C' — ('’
in C, structure 2-cells

apl c

G(B',0) H(B',C) G(B,C) 2% H(B,C)

G(f,id)l af’c/’ lH(f,id) G(id,g)l l/aB , lH(id,g)

G(B,C) —— H(B,C) G(B,C") —— H(B,C")
ap,c ap o’
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such that a_ ¢ is cartesian-marked oplax natural in B € B° and ap_ is lax

natural in C' € C, and such that the following compatibility axiom holds:

G(B,C) 25 H(B,C) G(B,C) 25 H(B,C)
/ \fld ,9) U/ \1d ,9) 1(7 \U / \(1d ,9)
G(B',C) » G(B,C") “2% H(B,C") = G(B' H(B,C) » H(B,C")
G(ldx‘ /‘(f id) Uaf //fld) 1d\ ﬂ H(ldx /fld
G(B',C") o, H(B',C") G(B',C") =, H(B',C")

A modification ©: o = : G === H between oplax®" - lax natural transform-

opl¢ - lax

ations is a collection of 2-cells

aB,.Cc
/_th
G(B,C) esc H(B,C)
\\L}_/r

BB,c

in £ that forms both, fixing C, a modification a_ o = [_ ¢, and, fixing B, a

modification ap_ = Bp .

Theorem 1.2.18 (The oplax®* - lax parametrized Yoneda lemma). Let K: B —
A be a (split) discrete 2-opfibration (with small fibres) and F: B°® x 4 — (Cat

be a 2-functor. There is a bijection between
apa: A(K(B),A) = F(B,A)
oplax®* -lax natural in (B, A) € B® x 4 and
ng: 1 — F(B,K(B))

extraordinary laz natural in B € ‘B (see Hirata’s [24] for a definition of ex-

traordinary lax natural transformations and modifications between them ).

Moreover this bijection extends to an isomorphism of categories, consider-
ing as morphisms of the two categories respectively the modifications between
oplax®* -lax natural transformations and the modifications between extraordin-

ary lax natural transformations.
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Proof. By Theorem 1.1.8, we can assume that K is in the form G (M) : [*"M —
A for a 2-functor M : A — (Cat. Given

amyyas A(K(BY),A) = F((B,Y),A)
oplax®™ - lax natural in ((B,Y),A4) € ([*M)™ x 4 (see Definition 1.2.17), we

construct 7g,y) as the composite

®(B,Y),B

142, 2B, B) F((B,Y),B)

Then 7py) is extraordinary lax natural in (B,Y) € [*"M, with structure 2-cell
on (g,7): (B,Y) — (B,Y’') in [*"M given by the pasting

1 —9 5 2(B,B)" 2 F(B,Y),B)
idp - ol
i N lg %“(B,Y),g
A(B,B) —— A(B, B F(id,g) (1.9)
Qi vy gl Q(B,Y),B’
Es 4 Z/O‘WW)JB' \)

F(B.,Y"),B) » F((B,Y),B)

F((g,7),id)

Indeed it is true in general that, given 2-functors T,S: C°® x C — E (with a

cartesian marking on C) the composite
7S (0, 0) 2% 50, 0)

is extraordinary lax in C' € C if (¢ is extraordinary lax in C and B¢ p is
oplax®*®-lax in (C,D) € C° x C, with structure 2-cells given by a pasting
like that of equation (1.9) (with now a possibly non-identity 2-cell also in the up-
per left square). Such structure 2-cells surely respect the identities, and they also
respect the composition by the compatibility axiom of oplax®*-lax (and oplax
and lax naturality). The two dimensional axiom is satisfied as well by moving the
external 2-cell through the diagram using the three 2-dimensional properties that
we have. We can then apply this result to ng,y) since idg(py) is extraordinary
natural in (B,Y) and o gy kx(p,y) is oplax®*-lax natural in ((B,Y),(B',Y"))
(as a(B,Y), A is oplax®*-lax in ((B,Y), A)).
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Now, given nz: 1 — F((B,Y), B) extraordinary lax natural in (B,Y) € [*"M,

we expand it to functors
apy)ya: AK(B)Y), A) = F(B,Y),A)

oplax®-lax natural in ((B,Y),A) € ([*"M)” x A4 as follows, using the
cartesian-marked oplax naturality in (B,Y") (that is the only strictness we have).
Given u: B — A in 4, considering u” = (u,id), the structure 2-cell oy, iay,4 = id

will give us a commutative square

A (A, A) LA (A M (u)(Y)), A)

_oul lF((u,id),A)

A(B,A) ——— F((B,Y),A)

*(B,Y),A

So, looking at how we constructed n from «, in order to reach the bijection we
want, we define

apy)alw) = F((u,id), A) (nan@ey) -
Given 0: u = v: B — A in A4, considering

0¥ : (u, M(0)y) = (v,id): (B,Y) — (A, M(v)(Y))

and using that o, jq),4 = id, we will have by the 2-dimensional axiom of cartesian-

marked oplax naturality that

Y
a(va)aA(g) = F(Q 7A)04(A,M(v)<y>>,,4(idA) © (O‘(U»M(9)Y)7A)idA

So we firstly define the components of the structure 2-cells that express the
cartesian-marked oplax naturality of (g y) . in (B,Y) and then we will read

how to define the action of o(py) 4 on morphisms 6.

Looking at the diagram of equation (1.9) applied to (idg,v): (B,Y) — (B,Y’)
in fOPM, we see that, in order to have a bijection between the a’s and the n’s,

we need to define

(a(idBﬁ),B) idg — Ndpy)-
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Whence, given arbitrary (g,7): (B,Y) — (B,Y') in [*°M and w: B’ — A in
A, since

(w,id) o (g,7) = (ida, M (w)(7)) o (w © g,id),
we need to define

(agm.a),, = F((wo g,id), A) (s mwion) -
And at this point we define, by the argument above,

OC(B,Y),A(Q) = F(va A)"](A,]w(v)(Y)) © F((u’ id)a A) (n(idA7M(9)Y))
for every 0: u=v: B — Ain 4.
Looking at the diagram of equation (1.9) applied to (g,id): (B,Y) —
(B',M(g)(Y)) in [*® M, we see that, in order to have a bijection between the
a’s and the n’s, we need to define
(a(va)vg)idB = n(gvid)'

Whence, given an arbitrary f: A — A" in 4 and u: K(B,Y) — A in A4, by the
compatibility axiom of oplax®*-lax applied to (u,id): (B,Y) — (A, M(u)(Y))
in [*"M and f: A— A’ in 4, we need to define

(O'/(B:Y)vf)u = F((uv 1d)7A/) (n(f,id)) .

Now, we verify that such assignments work. To show that o (py) 4 is a functor,
consider
u v w B A
in 4. Then
Y .
apy)a(pod) = F((po)", Ay sy © F((w,id), A) (164, M(00)y))
while a(p,y).a(p) © a(sy),a(0) is equal to
F<BY7 A)TI(A,M(UJ)(Y)) © F((Uv id)a A) (n(idA:M(P)Y)) © F(QY’ A)TI(A,M(U)(Y)> o F((“? id), A) (T](idAaM(e)Y))

By the extraordinary naturality of n,

NidaM(po0)y) = F((ida, M(0)y), A) (Midam1(p)y)) © Nida,M(0)y)
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And by the uniqueness of the liftings of 2-cells through G (M), we have that

(po)" = p¥ o (ids, M(p)y)d".

So, by 2-functoriality of F', it suffices to prove that

Y
(o 7A)F((idA7M(p)Y)7A)(77(A,JM(w)y)) o F((u, M(B)y), A) (n(idA’M(p)Y))

is equal to
F((Uv id)v A) (n(idA»M(P)Y)) © F(va A)W(A,Iw(v)(Y))'

But this is true by naturality of F(8", A) applied to the morphism

NidaM(p)y) " NAaM@) vy — F((ida, M(p)y), A) (o) -

The fact that (a( BY), f)u is a natural transformation is checked with techniques

similar to the above ones, noticing that

(f0)" = (f.id)0".

Whereas showing that (O‘(g,v),A)w is a natural transformation uses that for

(9,7): (B,Y) = (B,Y)

(09)" = oM@ (gid) and 0¥ (id,~) = (id, M (v)(7)) @M@,

At this point, it is straightforward to check that o(py)a is oplax®*-lax in
((B,Y),A). And it is immediately seen that we obtain a bijection between the

a’s and the n’s by construction.

Finally, we extend such bijection to an isomorphism of categories. Given a modi-

fication
@(B7y)7Ai Q(BY),A = B(B,Y),A: A4 (K(B, Y), A) — F((B, Y), A)

between oplax®* -lax natural transformations in ((B,Y), A), we send it to the

modification
&(B,Y),B
id O
1 — A4(B,B) ©sx.s F((B,Y),B)
\V/

Bs,v),B
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between extraordinary lax natural transformations (that the latter is such is easily

checked). And such assignment is surely functorial.

Given a modification
Cisyy: ney) = 1@y 1 — F((B,Y),B)

between extraordinary lax natural transformations, we construct a corresponding
modification ©. We see that, if we want to reach an isomorphism of categories,
we need to define

(OBy).8), = TBy)-
Whence, given an arbitrary u: B — A in A4, since we want ©_ 4 to be a modi-

fication, considering (u,id): (B,Y) — (A, M(u)(Y)) in [*"M, we need to define

(Owy)a), = F((u,id), A) (Canmwyry) -

It is straightforward to check that © is then a modification between oplax®™ - lax
natural transformations. And such assignment is surely functorial. At this point,
it is immediate to see that the two functors are, by construction, inverses of each

other, giving the desired isomorphism of categories. O]

We are now ready to show that a pointwise left Kan extension in 2-(Cat,, along

a discrete 2-opfibration is always a weak left Kan extension.

Proposition 1.2.19. Consider a diagram

B— ¢
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A

in 2-Catiy with B small and K a discrete 2-opfibration. Assume that A exhibits
L = Lang F' (in the sense of Definition 1.2.16). Then X also exhibits L =

lang F'.

Proof. Since L = Lan g F, for every C', the 2-cell

COA—,id)
—

A(K(-), A) == C((Lo K)(~), L(A)) C(F(-), L(A));

Opl axcart
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is 2-universal, giving an isomorphism of categories

C(L(A),C) — [B®, Cat] pears (A (K (=), A), C(F(—),C)) (1.10)

We need to prove that, for every U € [A4, C],,, pasting with A gives an isomorph-

ism of categories
[“q’ C]lax (L7 U) = [$7 C]lax (F7 Uo K) :

So consider a lax natural transformation ¢: L = U. For every A € A4, the
ax

component @: L(A) — U(A) corresponds to a cartesian-marked oplax natural

transformation

a_a: A(K(=), A) === C(F(-),U(A))

Oplaxcart

via the isomorphism of equation (1.10). And ¢4 being lax natural in A € 4
precisely corresponds to the cartesian-marked oplax natural transformations a_ 4
being lax natural in A4, with structure 2-cell on f: A — A’ in A4 given by the
image of ¢, through the isomorphism of equation (1.10). This means that the
lax natural transformations ¢ precisely correspond to functors ap 4 oplax®®-lax

natural in (B, A) € B x 4.

Consider then a modification X: ¢ = ¢: L ﬁ U. The components ¥, with
A € A correspond to modifications ©_ 4 between cartesian-marked oplax natural
transformations a_ 4 and 5_ 4. And the modification axiom for ¥ corresponds
to the modification axiom for ©p _ for every fixed B € B. So the modifications
Y precisely correspond to modifications © between oplax®*-lax natural trans-
formations o and 5. By the functoriality of the isomorphism of equation (1.10),
we obtain an isomorphism of categories between [A4, CJ,,, (L, U) and the category
of oplax®*-]ax natural transformations

QB A: /{Zl(K(B), A) ES C(F(B), U(A))

oplaxcart

in (B, A) € B°® x 4 and modifications between them.
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By Theorem 1.2.18 (the oplax®"-lax parametrized Yoneda lemma), the latter
category is then isomorphic to the category of extraordinary lax natural trans-

formations

1 — C(F(B),U(K(B)))

in B € B and modifications between them, which is isomorphic (for example,
by Hirata’s paper [24]) to [B, C],,, (F,U o K). Therefore we have produced an

isomorphism of categories

(4, Cl,,, (L,U) = [B, (), (F,Uo K),

lax lax

and we can read that this is given by pasting with . O]

1.3. Application to the 2-category of elements

In this section, we explore in detail the 2-category of elements (Definition 1.1.5),
conceived as the 2-Set-enriched Grothendieck construction, from an abstract
point of view. Our motivation is to introduce, in future work, an enriched version
of fibrations and of the Grothendieck construction. It is also useful to understand
the connections between the various properties of the 2-category of elements (this

speaks in particular of the usual Grothendieck construction as well).

In Theorem 1.3.8, we show that the 2-category of elements can be captured by
a lax comma object in 2-Caty,y, as defined in Definition 1.3.4. This is original,
generalizing a known result due to Bird ([6]). The actual difference between
our result and Bird’s one is that ours allows to consider also lax natural trans-
formations in the 2-dimensional part of the universal property. This also solves
a mismatch in Gray’s [20, Sections 1,2 and 1,5] lax commas. See below for a

thorough comparison with the existing literature.

We explain how our work has potential applications to higher dimensional ele-
mentary topos theory. Indeed, in our opinion, the 2-category of elements should
be seen as the archetypal 3-dimensional classification process, exhibiting 2-Caty.y

as the archetypal elementary 3-topos.
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In Theorem 1.3.12, we prove a pointwise Kan extension result for the 2-category
of elements, using our original definition of pointwise Kan extension in 2-Catj.y
(Definition 1.2.16). We then show that this result implies many other proper-
ties of the 2-category of elements, also thanks to Proposition 1.2.19 (a pointwise
Kan extension in 2-Catp,, is a weak one as well). Among the properties im-
plied, we find the conicalization of weighted 2-limits (Theorem 1.1.15) and the
2-fully faithfulness of the 2-functor that calculates the 2-category of elements
(that completes Theorem 1.1.8 to 2-equivalences between 2-copresheaves and dis-

crete 2-opfibrations).

Remark 1.3.1. Proposition 1.2.1 gives a cartesian-marked lax natural trans-

formation A of the form
f ) QN |

g(F)J/ 1axcart J/l

B —— Cat
Bird showed in [6] that this square exhibits a lax comma. The notion of lax comma
used by Bird has been introduced by Gray in [20, Section I,2] (with the name “2-
comma category”) and has then been unravelled by Kelly in [27]. However they
did not provide a complete universal property suitable to the lax 3-categorical
ambient 2-Caty,x. Lambert attempted in [31] to give a better universal property
than the one of Gray and Kelly, but without stating any uniqueness condition in
the 2-dimensional part and only giving a partial 3-dimensional part. We present
in Definition 1.3.4 (see also Proposition 1.3.5) a complete universal property of the

lax comma object, that refines both the ones of Gray (and Kelly) and Lambert.

In order to distinguish the explicit definition (given in Gray’s [20]) from the
complete universal property of the lax comma object, we will call the former “lax
comma’” and the latter “lax comma object in 2-Caty.,”. However, we will use the

same symbol for both; this is justified by Proposition 1.3.5.

Definition 1.3.2 (Gray [20, Section 1,2]). Let F: 4 — C and G: B — C be
2-functors. The lax comma from F to G is the 2-category F'// G that is given by
the following data:
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an object of F' | G is a triple (A, B,h) with A€ 4, B € Band h: F(A) - G(B)
a morphism in C;

al-cell (A,B,h) — (A, B',}) in F' )G is a triple (f,g,¢) with f: A — A" in
A,9g: B— B in B and
F(A) —"— G(B)
F(f)l e lG(g)
F(A) —— G(B)

a 2-cell in C;

a2-cell (f,g,0)=(f,9,¢): (A, B,h) — (A,B',}) is a pair («a,f) with
a: f= f'in 4 and B: g = ¢ in B such that

F(A) —— G(B) F(A) —"— G(B)
[ Fle v Z [aw
F(f)<<:> F(% G(g> = G’(f) G(g)<<:> G(g)

the composition of 1-cells is given by pasting and that of 2-cells is inherited by
the ones in 4 and B.

The oplax comma from F to G is the co of the lax comma from F° to G.
The following proposition shows the partial universal property of the lax comma
object presented by Gray in [20].

Proposition 1.3.3 (Gray [20, Section L,5]). Let F': A — C and G: B — C be
2-functors. The lax comma from F to G is equivalently given by the enriched

conical limit in 2-Cat of the diagram

where G is the lax comma from Ide to Idc.
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But there is a better universal property that the lax comma satisfies. Indeed, it

is a lax comma object in the lax 3-category 2-Cat.y, as originally defined here.

Definition 1.3.4. Let Q be a lax 3-category and consider 1-cells F': 4 — (C and
G: B — Cin Q. The lax comma object in Q from F to G is, if it exists, an
object F'J G € Q together with a 2-cell

F//GLJZL

<]

in Q that is universal in the following lax 3-categorical sense:

(i) for every 2-cell v: Fo P = GoQ: M — (C, there exists a unique 1-cell
V:M — F /G such that

Mf&

A
Q % F
B—— C

G

(ii) for every 1-cells V,W: M — F J G and every 3-cell

M\‘( M\J—T/F//Gao
Wl &F//GL = F)G _>\,q

Aa
A =
rie o] A ) o A |
DR SN
G B—F—C
for 2-cells I and A, there exists a unique 2-cell v: V' = W such that

orv="I, ov=A47A, \N=Z;

notice that we are precisely asking that = corresponds to the 3-cell given

by the lax interchange rule in Q, of
Foao
M ﬂu F|G lp

W Goal
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(iii) for every 2-cells v,w: V = W: M — F J G and every pair of 3-cells
d: Qv = Jyw and V¥: 9,v = 0w such that

M \V 8()1/ ﬁ) 80
Wlaly F // G w /aow\
A, 0 %

@ a
F//Gal\alwal l &l / lF

B ——n—
(1.11)
there exists a unique 3-cell ©: v = w such that 9p© = ® and 0,0 = V.

Proposition 1.3.5. Let F: A — C and G: B — C be 2-functors. Then there is

a lax natural transformation

F//GL/‘ZL

lF

B C

that exhibits the lax comma F || G as the lax comma object in 2-Catya from F
to G. Moreover, in the condition (ii) of lax comma object in 2-Caty.y, if I' and
A (that can be lax natural) are both strict 2-natural (resp. pseudonatural) then

also v 1s so.

Proof. Firstly, we construct A\. Given (A, B, h) € F'J/G, we define the component
of A on it to be h. Given a morphism (f, g,¢): (A, B,h) — (A", B',}/) in F' |/ G,
we define the structure 2-cell of A on it to be ¢. It is then straightforward to

show that \ is a lax natural transformation.

For condition (7) of lax comma object in 2-(Caty,y, since A picks the third com-
ponent of objects and morphisms in F' / G and the other two components are

determined by the projections through dy and 0;, we have to define V' as
V(M) = (P(M),Q(M),yu)

V(m) = (P(m), Q(m), ym)
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for every M € M and every morphism m in M. This is easily checked to be a

2-functor, and it works by construction.
For (ii), take an arbitrary = as above. We see that the three requests
GOV:F, 011/:A, )\V:E

force us to construct the component of v on an arbitrary M € M to be the
morphism (I'ys, Ay, Epr) in F'/ G. Then the structure 2-cell of v on a morphism
m: M — M’ in M, being a 2-cell in F J/ G, is determined by its projections
through dy and 0;. So we are forced to define v, to be the 2-cell (I',,, A,,) in F/G.
This is indeed a 2-cell since = is a modification. It is straightforward to check that
v is a lax natural transformation, since I' and A are so. And we immediately see
that if both T" and A are strict 2-natural (resp. pseudonatural) then also v is so.
The observation that v is then the unique lax natural transformation V' fg %4

such that the modification corresponding to the lax interchange rule in 2-Caty.y

of v and A coincides with = follows from Remark 1.2.2.

For (ui4), let M € M. Since the component O, will be a 2-cell in F' J/ G, it is

determined by its projections through dy and 0;. So we need to define
@M = (CI)M,\I/M)

That this is indeed a 2-cell vy = wys in F'J/ G is guaranteed by equation (1.11),
taking components on M. The condition that the ©,,’s need to satisfy in order for
them to collect into a modification © is then an equality between 2-cells in F' /G,
and thus it suffices to check its projections through 9y and 9;. But those two
resulting conditions are given by the fact that both ® and ¥ are modifications. [

Remark 1.3.6. Notice from Definition 1.3.4 that the lax comma object in a lax 3-
category really is an upgrade of the comma object to a lax 3-dimensional ambient.
Indeed, a lax comma object in a 2-category is precisely a comma object, since
any = of Definition 1.3.4 is then forced to be the identity, and the tridimensional
part becomes trivial. Interestingly, the uniqueness in the 2-dimensional part of
the universal property of the lax comma object in a lax 3-category is obtained by

considering the lax interchange rule.
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The universal property of Proposition 1.3.3 is obtained precisely by restricting

ourselves to consider as I' and A only strict 2-natural transformations.

Remark 1.3.7. The following theorem is original, refining the result of Bird in [6]
that the 2-category of elements is given by a lax comma. The actual difference
between our result and Bird’s one is that ours allows to consider lax natural
transformations I' and A in the 2-dimensional part of the universal property.
Moreover lax comma objects in 2-Caty,, solve the mismatch of Gray’s lax commas
between the use of lax natural transformations and the strict ambient 2-Cat that

hosts Gray’s universal property.

Theorem 1.3.8. Let F: ‘B — (Cat be a 2-functor. The 2-category of elements is

equivalently given by the lax comma object

OpF—>1

g(F "‘L (1.12)
laxcom

$—>Cat

i 2-Caty, erhibited by the cartesian-marked lax natural transformation of Pro-
position 1.2.1. As a consequence, it is then also given by the strict 3-pullback
in 2-Catiax (whose universal property can be evidently defined) between F and
the replacement T of 1: 1 — (Cat obtained by taking the lax comma object of
1: 1 — Cat along the identity of Cat (that is a lax 3-dimensional version of the

lax limit of the arrow 1: 1 — Cat):

JPF —— Caterpe — 1

_l
G(F) r 1/ 1

B — Cat ——— (Cat

The domain of T is a lax pointed version of Cat, whence the notation Cate jax.

Proof. The proof is a straightforward calculation. The fact that G (F') is then also
the strict 3-pullback of 7 is readily checked by showing that such strict 3-pullback
satisfies the universal property of the lax comma object 1/ F in 2-Caty,, that we
have presented in Definition 1.3.4, using the universal properties of 1/ Idg,; and

of the strict 3-pullback together with some basics of the calculus of pasting. [
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Remark 1.3.9. Theorem 1.3.8 shows a potential application of this work to 3-
dimensional elementary topos theory. After Theorem 1.3.8, we should indeed view
2-Caty,, as the archetypal example of a would-be notion of elementary 3-topos.
Its classification process is the 2-category of elements, generalizing Weber’s idea
in [51] that the category of elements is the archetypal 2-dimensional classification
process. Towards a definition of elementary 3-topos, one can choose between two
ways. We can either regulate the classification process with lax comma objects in
a lax 3-category (as originally defined here in Definition 1.3.4) or take pullbacks

along discrete 2-opfibrations (that serve as replacement).

Proposition 1.3.10. By Theorem 1.5.8, the 2-category of elements construction

canonically extends, for every 2-category ‘B, to a 2-functor
G(=): [B, Catl,, —2-Cat /g

Proof. Given a lax natural transformation ¢: F = G: B — (at, we define
G () as the unique morphism G(¢): [*"F — [*’G induced by the universal
property of the lax comma object [ @G in 2-Catyay applied to the lax natural

transformation
f L) N |

)\F
gml )/F ll
S
B I, Cat
\5/{

where A" is the lax natural transformation that presents [**F as a lax comma ob-
ject in 2-Caty,,. Explicitly, for every 2-cell §: (f,a) = (¢,0): (B, X) — (C, X")
in f PR

G(p) (B, X) = (B,pp(X)) and G(p)(f,a) = (f,pc(a)) and G(p) () = .

Given a modification ©: ¢ = ¢: F = G: B — (Cat, we define G(O) as the
unique 2-natural transformation induced by the universal property of the lax

comma object [ PG in 2-Catyay applied, in the notation of Definition 1.3.4 to
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V=G(p), W=G(), I'=1id, A =id and = given by

[PF ——— 1

o 2|
B @ Cat

Explicitly, the component of G(0) on an object (B, X) € [*F is
g (@)(B X) = = (idp,Opx) .
It is straightforward to show that G(—) is indeed a 2-functor. O

Remark 1.3.11. The following table shows the four co-op versions of the 2-

category of elements construction, with the corresponding notions of fibration.

[PF —— 1 [F——1  [“PF — 1 [“F —— 1
lax comma oplak comma
A |t oan] 71 an| S| g(F)[ s
lax comma oplax cgqmma
B —— (Cat B —— Cat™ B —— Cat™ B —— Cat™®

disc 2-opfibrations: disc 2-fibrations: disc 2-coopfibrations: disc 2-cofibrations:
opfibrations, locally fibrations, locally opfibrations, locally fibrations, locally
discrete fibrations discrete opfibrations discrete opfibrations discrete fibrations

We now apply Section 1.2 to the 2-category of elements. We show that the same
filled square that exhibits a lax comma object in 2-Cat,, also exhibits a pointwise

left Kan extension in 2-Caty,, (Definition 1.2.16). Such result is original.

Theorem 1.3.12. Let F': 4 — (Cat be a 2-functor with A a small 2-category.

Then the lax comma object square in 2-Catiay
01DF — 1
G(F)
laxcom
/‘71 — Cat

exhibits

F= Lang(F) Al.
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Proof. By Proposition 1.2.1, we know that the lax natural transformation A that
presents the lax comma object in 2-Caty,, is cartesian-marked lax. Given A € 4

and C € Cat, we prove that the cartesian-marked oplax natural transformation

Cat(A_,id)
>

A(G(F) (=), A) = Cat ((F o G(F))(=), F(A)) Cat (Al(—), F(A)),

Oplaxcart

that we call pu, is 2-universal. Explicitly, ;1 has components

JB.X) - B(B,A) — Cat (1, F(A))

B A —s 1%1?(%1)
~_ \/I

for every (B, X) € [*’F and structure 2-cells

(hgm), = F(u)(7): Fuo g)(X') = F(u)(X)
on every (¢g,7): (B, X) < (B, X") in [*F, for every u: B — A in 4. Given

o: A(G(F)(-),A) —— (Cat (Al(-),C),

Oplaxcart

we prove that there exists a unique functor s: F(A) — C such that

(so—)op=o
We see that there is at most one such s, as we need, for every a: X — X' in
F(A),
S(X) = S (,U(AX)(idA)) = 0'(A7X)(id,4)
s(a) = s (('U’(idAva))idA> - (U(idA7C"))idA :

And this s works thanks to the fact that o is cartesian-marked oplax. In-
deed it is readily shown to be functorial (using that o is oplax) and for every
(9.7): (B,X) = (B, X')in [*°F and every : u = v: B — A in 4, considering
u® = (u,id) and 6 : (u, F(0)x) = (v,id),

o(5,x) (1) = 0(a @) (ida) = s(F(u) (X)) = s (1s,x) (1))

o1.x)(0) = (Cwrox)q = (Faare)x)y = s(FO0)x) = s (1s.x)(9))
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(@6m)y = (@6am), = (Cwrwm)y = (T rwm) iy = sE@O) = s ((ten).,)
We now prove the 2-dimensional universality of pu. Given

Eio=20:A(G(F)(—), A) = Cat (A1(-),C),

Opl axcart

we prove that there exists a unique natural transformation {: s = §': F(A) — C

such that
(*—)p=_E.
We see that there is at most one such £, as we need, for every X € F(A),
gX = gu(AX)(idA) = E(A,X),idA

And this £ works since it is readily shown to be natural (using that = is a modi-

fication) and for every (B,X) € [F andu: B— Ain 4

(1]
(1]

(B,X)u = S(A,Fu)(X))ida = EPw)(X) = &upx)(w)-

We have thus shown that p is 2-universal and this concludes the proof. O]

Thanks to Proposition 1.2.19, we obtain as a corollary that the 2-category of
elements also exhibits a weak left Kan extension in 2-Cat,,. The isomorphism
of categories that presents such weak left Kan extension has been proved by Bird
in [6]. Moreover, such isomorphism restricts to different flavours of laxness. All

these isomorphisms are a particular case of Proposition 3.18 of Szyld’s [44].

Corollary 1.3.13 (Bird [6], Szyld [44]). Let F': A — Cat be a 2-functor. Then
F = lang(p) Al.
Moreover the isomorphism of categories

14, Cat],, (F,U) = [[OPF, Cat} (A1, U 0 G(F)),

lax

natural in U: A — Cat, that presents the weak left Kan extension in 2-Caty.y

(see Remark 1.2.10) restricts to isomorphisms

4, Cat],, (F,U) = U°"F, Cat] (A1, U 0 G(F))

sigma
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14, Cat] (F,U) = [ [*F, cat} (A1, U 0 G(F)),

laxcart

where ps means to restrict to pseudonatural transformations and sigma means
to restrict to sigma natural transformations, that have been defined in Descotte,
Dubuc and Szyld’s paper [15] and are a pseudo version of the cartesian-marked

lax natural transformations.

Proof. Clear by Proposition 1.2.19. It is straightforward to see that the restric-
tions hold. O

Remark 1.3.14. The third isomorphism of Corollary 1.3.13 offers a shorter
but less elementary proof to Theorem 1.1.15 (reduction of weighted 2-limits to

cartesian-marked lax conical ones). Indeed this is what Street showed in [42,

Theorem 15].

We can also deduce the 2-fully faithfulness of the 2-category of elements con-
struction (in three laxness flavours) and extend Lambert’s Theorem 1.1.8 to 2-
equivalences between 2-copresheaves and discrete 2-opfibrations. The fact that
the first 2-functor G(—) of Theorem 1.3.15 is 2-fully faithful is proved also in
Bird’s [6], but we show that it is a consequence of the weak Kan extension result.
None of the three 2-equivalence results of Theorem 1.3.15 seems to appear in the

literature.

Theorem 1.3.15. Let A be a 2-category. The 2-category of elements construc-
tion (extended to consider lax natural transformations as in the proof of Propos-

ition 1.3.10) produces a 2-equivalence
G(—): (A4, Cat],,, = D20pFib(A)

where D20pFib (A) is the full sub-2-category of 2-Cat [ g given by the split dis-

crete 2-opfibrations with small fibres. Moreover this restricts to 2-equivalences
G(—): [A4, Cat]ps = D20pFibcar, (A)

G(—): [A,Cat] = D20pFibaos (A)
where D20pFibear (A) and D20pFibao, (A) restrict D20pFib (A) respectively
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to cartesian functors (as underlying functors of the 1-cells) and to cleavage pre-

serving functors.

Proof. We already know by Theorem 1.1.8 that the essential image of G(—) (in
each of the three versions) is given by the split discrete 2-opfibrations. So we are

missing the 2-fully faithfulness of the three 2-functors.

Let F,G: A4 — (Cat be 2-functors. Then combining Corollary 1.3.13 and The-
orem 1.3.8 (the 2-category of elements exhibits a lax comma object in 2-Cat.y)

we obtain the composite isomorphism of categories

4, Cat],(F,G) = [f°pF, cat] (AL,GoG(F) = 2-Cat /g (fOPF, f""G)

la

where the first functor is given by pasting with the 2-cell A" that presents the lax
comma object [ P F and the second functor is the inverse of pasting with A¢ on
objects and producing the modification associated to the lax interchange rule (see
Remark 1.2.2) on morphisms. Indeed the second functor is surely a bijection on
objects, and it is also a bijection on morphisms by part (i7) of Definition 1.3.4 (the
2-dimensional part of the universal property of the lax comma object) with I' = id
and A = id (and so in particular strict 2-natural transformations). Since the
composite functor precisely coincides with the functor on morphisms associated
to G(—) between A and C (see the proof of Proposition 1.3.10), this completes

the proof of the first 2-equivalence.

The composite isomorphism above then restricts to the following two:

4, Cat] (F,G) = [ ["F, Cat] (AL, G 0 G(F)) & D20pFibeus: (A) ( ["F, [ °"G>

sigma

14, Cat] (F, G) = [ [*F, cat} (AL, G 0 G(F)) = D20pFibuo, (A) ( [*F, [ °"G)

laxcart
by part (i) of Definition 1.3.4, since whiskering A\“ on the left with a 2-functor
Ik PF - J @G looks at the second component of the morphisms in Ik PG, In-
deed, if we start for example from v: Al =—= G o G(F), the associated functor

laxcart

V7. [PF — [*PG is such that, for every morphism (f,id) in [*F,

pry (VI(f,id)) = f and  pry(V7(f,id)) = (AV7)(ria) = Y(ria) = id .

And then the first 2-equivalence restricts to the other two. O



2. Colimits in 2-dimensional slices

This chapter is based on our paper [35].

It is well-known that, in dimension 1, a colimit in a slice category is precisely the
map from the colimit of the domains of the diagram which is induced by the uni-
versal property of the colimit. This fact, together with the results of preservation,
reflection and lifting of all colimits for the domain functor from a slice category,
gives a complete calculus of colimits in 1-dimensional slices (see Theorem 2.0.1).
And such a calculus has been proven useful in myriads of applications, in partic-
ular in the context of locally cartesian closed categories or for general exponen-
tiability of morphisms, in categorical logic, algebraic geometry and topos theory.
Indeed, an exponentiable morphism f : E — B in C, that is an exponentiable
object in C/pg, can be characterized as a morphism which admits all pullbacks
along it and is such that the change of base functor f*: C/p — C/E has a
right adjoint. The latter condition implies, and by adjoint functor theorems is
often implied by, preservation of all colimits for f*. The calculus of colimits in 1-
dimensional slices is what allows to apply such preservation of colimits to colimits
in the slice that come from colimits in the category C, i.e. the ones that we have

in practice.

The main result of this chapter is a generalization to dimension 2 of this fruitful
1-dimensional calculus, including results of preservation, reflection and lifting
of 2-colimits for the domain 2-functor from a lax slice. Theorems on suitable
change of base 2-functors between lax slices are presented as well. The lax slice
is indeed the appropriate 2-dimensional slice to consider in order to achieve such

generalization, as we justify with two different approaches.
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These results, in combination with Chapter 1, will be crucial for us in the follow-
ing chapters to expand the theory of 2-classifiers and elementary 2-toposes. In
particular, it will be very useful to achieve our theorems of reduction of the study
of a 2-classifier to dense generators, in Chapter 3. Indeed the strategy will be to
write an arbitrary object as a nice 2-colimit of dense generators (we will briefly
recall the theory of dense generators in Section 3.1) and then apply the universal
property of such colimits. The work of this chapter will be crucial to handle the

relevant 2-dimensional colimits.

The following theorem condenses the calculus of colimits in 1-dimensional slice

categories.

Theorem 2.0.1. Let C be a category with products and let M € C. The domain
functor dom: C/p; — C preserves, reflects and lifts uniquely all colimits (and

so it creates all colimits).

Moreover, for every diagram D: A — C with A small that admits a colimit in C,
every morphism q: colimy D(A) — M in C is the colimit of a diagram in C /).

More precisely,

colimy D(A) D(A)
La = colimy Lgoia in C/pp, (2.1)
M M

where the i4: D(A) — colimy D(A) are the inclusions that form the universal

cocone.

Notice that this theorem recovers the property we mentioned above, that a colimit
in C/py is precisely the map from the colimit of the domains of the diagram
which is induced by the universal property. Indeed, half of this fact is captured
by the preservation of colimits for dom: C/p; — C, whereas the other half,
that is harder to capture, is represented by equation (2.1). In dimension 1, the
latter special property holds because a cocone on M is the same thing as a
diagram in the slice over M. But in dimension 2, we need weighted 2-colimits

and then weighted 2-cocylinders rather than cocones. This makes it then harder
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to establish a bijection with diagrams in a 2-dimensional slice, as such diagrams

still have a conical shape.

In this chapter, we first focus on generalizing the special property of equation (2.1)
to dimension 2 (Theorem 2.1.21), extracting from a weighted 2-cocylinder a
diagram in a 2-dimensional slice whose 2-dimensional colimit (of some kind)
is the morphism induced by the weighted 2-cocylinder. We show two differ-
ent approaches to this. The first approach (Construction 2.1.1) is more intu-
itive, based on the reduction of weighted 2-colimits to essentially conical ones,
namely cartesian-marked oplax conical ones. Recall that such reduction is due to
Street [42], and that we have described it in Section 1.1 with new, more elementary
proofs. Recall also that the reduction of weighted 2-colimits to cartesian-marked
oplax conical ones is allowed and regulated by the 2-category of elements, that
we have studied in detail in Chapter 1 (both from an elementary and an abstract

perspective).

The second approach, culminating with Theorem 2.1.21, is instead more abstract.
It is based on an apparently original concept of colim-fibration, that we give both
in dimension 1 (Definition 2.1.3) and dimension 2 (Definition 2.1.14), as well as on
the 2-category of elements construction. Both the approaches show the need to
consider lax slices in order to generalize the special property of equation (2.1) to
dimension 2. In the first one, for example, this corresponds to only being able to

essentially conicalize weighted 2-colimits, rather than to strictly conicalize them.

A result of reflection of 2-colimits for the domain 2-functor dom: E /. 3y — ‘E
from a lax slice is the main part of Theorem 2.1.21, as reflection is part of the
concept of 2-colim-fibration. Further than reflecting (appropriate) 2-colimits, a
2-colim-fibration is in particular a discrete 2-fibration (Definition 1.1.7), that is,

what is classified by the 2-category of elements construction.

We then show a result of lifting of 2-colimits for dom: E f.x py — ‘E in Pro-
position 2.2.6. This is based on a generalization to dimension 2 of the biject-
ive correspondence between cocones on M and diagrams in the slice over M

(Proposition 2.2.1). The 2-dimensional correspondence is captured and justified
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by F-category theory, also called enhanced 2-category theory and introduced
by Lack and Shulman in [30]. We will recall it in Definition 2.2.3 (see also Re-
mark 2.2.4). Roughly, the idea is to consider 2-categories, whose morphisms we
think as loose, with a selected subclass of morphisms that we call tight. We then

ask 2-functors to preserve the tightness of morphisms.

F-category theory is then crucial in establishing a result of preservation of 2-
colimits for dom: E f.. py — E (Theorem 2.3.12). Indeed we guarantee preser-
vation of 2-colimits by an original theorem (Theorem 2.3.10) that states that a lax
left adjoint (Definition 2.3.1) preserves appropriate colimits (Definition 2.3.6) if
the adjunction is strict on one side and is suitably F-categorical (Definition 2.3.5).
Lax adjoints have been firstly introduced by Gray in [20, Section 1,7], and the
idea is to admit unit and counit to be lax natural transformations (rather than
strict or pseudo). At the level of hom-categories, such laxness translates as hav-
ing an adjunction between them rather than an isomorphism (or an equivalence
as for a biadjunction); see Remark 2.3.2. We need such adjunctions because the
suitable right adjoint to the domain 2-functor dom: E f.x py — E is still M x —
(as in dimension 1), but the unit is now only lax natural. The idea behind our
general F-categorical Theorem 2.3.10 on the preservation of colimits is to move
back and forth between the two 2-categories taking advantage of the strictness of
the lax adjunction on one side. The condition of having a suitably ¥ -categorical
lax adjunction ensures that this idea works. #F-categorical adjunctions appear
also in Walker’s [50]; and another potential source of examples is Bourke’s [9].
Remember that, although our preservation result is expressed in an ¥ -categorical
language, it is always possible to start from a weighted 2-colimit and view it in

this context, after reducing it to a cartesian-marked oplax conical one.

Finally, we apply the general F-categorical theorem of preservation of 2-colimits
to the 2-functor of change of base along a split Grothendieck opfibration between
lax slices (see Proposition 2.4.2). In dimension 1, the concept of change of base
between slice categories is definitely helpful, and it is well-known that the pullback

perfectly realizes such a job. For Cat, given a functor 7: £ — B, it is still a good
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idea to consider the pullback 2-functor 7*: Cat /g — Cat /¢ between strict
slices. It is well-known that such change of base 2-functor has a right 2-adjoint 7,
and thus preserves all weighted 2-colimits, precisely when 7 is a Conduché functor.
This is proved by Conduché in [13], with the ideas already present in Giraud’s [18].
However, in order to generalize the calculus of colimits in 1-dimensional slices to
dimension 2, we find the need to consider lax slices. And it is then helpful
to have a change of base 2-functor between lax slices of a finitely complete 2-
category. We believe that the most natural way to achieve this is by calculating
comma objects rather than pullbacks. As we have described in Chapter 1, this is
connected to the construction of the category of elements, but also, in general, to
the concept of 2-dimensional elementary topos (see also Section 3.1). Equivalently
to calculating comma objects, we can take pullbacks along split Grothendieck
opfibrations, which serve as a kind of fibrant replacement (see Proposition 2.4.1
and Section 3.1). Such a point of view is preferable for us since Grothendieck
opfibrations in Cat are always Conduché and we can generalize to lax slices the
ideas for finding a right adjoint to the pullback functor 7*: Cat /g — Cat /¢
(from Conduché’s [13]). Notice that considering lax slices we are fixing a direction
and we then need to take opfibrations, while Conduché functors are now too

unbiased.

We prove that 7*: Cat j,, g — Cat ), ¢ has a loose F-categorical right lax
adjoint that is strict on one side, in Theorem 2.4.3. This generalizes also
Palmgren’s [39], where a similar result for pseudoslices of groupoids is proved,
from the comma objects point of view. Our theorem then implies the preserva-

tion of appropriate 2-colimits for the 2-functor 7* between lax slices.

We also show that the 2-functor of change of base along a split Grothendieck
opfibration between lax slices makes sense in a general 2-category rather than just
in Cat (Proposition 2.4.2). For this we take from Street’s [41] and Weber’s [51]
the needed general notion of opfibration; we will recall it in Section 4.2. We
conclude proving that the 2-functor 7" between lax slices preserves appropriate

2-colimits also in the case of prestacks (Proposition 2.4.5) and more in general of
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finitely complete 2-categories with a dense generator (Theorem 2.4.6).

Outline of the chapter

In Section 2.1, we present our calculus of colimits in 2-dimensional slices
(Theorem 2.1.21), firstly by reducing weighted 2-colimits to cartesian-marked
oplax conical ones (Construction 2.1.1) and then via 2-colim-fibrations
(Definition 2.1.14).  This includes a result of reflection of 2-colimits for

dom: E fiax 7y — E.

In Section 2.2, we generalize to dimension 2 the bijective correspondence between
cocones on M and diagrams in the slice over M (Proposition 2.2.1). We then

show a result of lifting of 2-colimits for dom: E f.x py — E (Proposition 2.2.6).

In Section 2.3, we prove a result of preservation of 2-colimits for the domain 2-
functor from a lax slice (Theorem 2.3.12). This is shown by proving a general
theorem of ¥ -category theory (Theorem 2.3.10), which states that a lax left
adjoint preserves appropriate colimits if the adjunction is strict on one side and

is suitably ¥ -categorical.

In Section 2.4, we apply this theorem of preservation of 2-colimits to the 2-
functor of change of base along a split Grothendieck opfibration between lax slices
(Theorem 2.4.3), laxifying the proof that Conduché functors are exponentiable.
We conclude extending such result to prestacks (Proposition 2.4.5) and then to

any finitely complete 2-category with a dense generator (Theorem 2.4.6).

2.1. Colimits in 2-dimensional slices

We aim at generalizing to dimension 2 the well-known 1-dimensional result that a
colimit in a slice category corresponds to the map from the colimit of the domains
of the diagram which is induced by the universal property. Half of such result

will be captured by preservation of 2-colimits for the domain 2-functor from a
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lax slice, that we will address in Section 2.3. In this section, we focus on the
other half, that is the generalization to dimension 2 of the special property of
equation (2.1) (of Theorem 2.0.1). Namely, we want to prove that a morphism
from a 2-colimit to some M can be expressed as a 2-colimit in a 2-dimensional

slice over M.

We show two different approaches to this, that lead to the same result (compare
Construction 2.1.1 with Theorem 2.1.21). The first one is more intuitive, based on
the reduction of the weighted 2-colimits to cartesian-marked oplax conical ones.
The second approach is more abstract, based on an apparently original concept of
colim-fibration (Definition 2.1.3 in dimension 1 and Definition 2.1.14 in dimension
2). This will offer a shorter and more elegant proof, in Theorem 2.1.21. Both the

approaches show the need to consider lax slices.

This section also contains a result of reflection of 2-colimits for the domain 2-
functor dom: E f., oy — ‘E from a lax slice. Indeed the concept of 2-colim-
fibration involves reflecting (appropriate) 2-colimits, together with being a dis-

crete 2-fibration.

We now begin exploring the first approach to the generalization to dimension 2

of equation (2.1) (of Theorem 2.0.1).

Construction 2.1.1. Let E be a 2-category and let M € E. Consider a 2-
diagram F': 4 — ‘E with 4 small and a weight W: 4°° — (Cat such that
the colimit colim"' F of F weighted by W exists in E. Take then a morphism

q: colim"' F — M, or equivalently the corresponding weighted 2-cocylinder
vi: W= E(F(-),M).

We would like to express ¢ as a 2-colimit in a 2-dimensional slice of £ over
M. So we need to construct from v? a 2-diagram in a 2-dimensional slice. In
dimension 1, equation (2.1) (of Theorem 2.0.1) is based on the fact that a cocone
on M coincides with a diagram in C/js. But here, in dimension 2, we have a
weighted 2-cocylinder v? instead of a strict cocone, and thus it is not clear how to

directly find a corresponding diagram in a slice. We notice that this is essentially
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a matter of selecting a cocone out of the bunch of cocones that form the weighted
2-cocylinder 9. And then we obtain a great help from the reduction of weighted

2-colimits to cartesian-marked oplax conical ones.

As described in Section 1.1, while it is not possible to represent v¢ with a selected

strict cocone, it is possible to reduce v? to a cartesian-marked oplax cocone.
Indeed

colim" F' 2 oplax®®™ -colim™! (F o G (W))
where G (W) : [W — A4 is the 2-category of elements of W. And v corresponds

to a cartesian-marked oplax cocone

A Al —— E((FoG(W))(=), M) : (fw)°p = Cat.

Opl axecart

It is easy to check that a cartesian-marked oplax cocone on M can be reorganized
as a 2-diagram in the lax slice E f., 1y on M (we will see the complete corres-
pondence in Proposition 2.2.1), where a 1-cell in the lax slice from E 2 M to

E' % Mis a filled triangle

More precisely, we can reorganize \? as the 2-diagram
L9 f w — £ Jax M

£(f)

(A.X) F(4) —L s F(B)
J/ (fre) = q g p
(B, X') Mh v /(B,X’)
J — F(0)
In Theorem 2.1.21, we will prove that
colim"' F oplax®@* -colim™! (F o G (W
la = L ( W) = oplax®* -colim™! L9

M M
in the lax slice E /. ps. Of course, one could prove this directly, but our proof will
be shorter and more abstract, in Theorem 2.1.21, based on the colim-fibrations

point of view (that is, the second approach named above).



2.1. COLIMITS IN 2-DIMENSIONAL SLICES 73

Remark 2.1.2. Although weighted 2-colimits cannot be conicalized, we can al-
most conicalize them reducing them to cartesian-marked oplax conical colimits.
The price to pay is to have 2-cells inside the cocones. And this then translates
as the need to consider lax slices in order to generalize the 1-dimensional The-

orem 2.0.1 to dimension 2.

Such need is further justified by the second approach (see Remark 2.1.20), that
we now present. The idea is to capture Theorem 2.0.1 from a more abstract
point of view, in a way that resembles the property of being a discrete fibration.
We will then proceed to generalize such approach to dimension 2, arriving to

Theorem 2.1.21.

The following definition does not seem to appear in the literature.

Definition 2.1.3. A functor p: § — C is a colim-fibration if for every object S €
S and every universal cocone p that exhibits p(.S) as the colimit of some diagram
D: 4 — C with 4 small, there exists a unique pair (D,7) with D: 4 — § a

diagram and 77 a universal cocone that exhibits S = colim D such that po D = D

and pot = p.
D(4)

I (2.2)
D(A) s I

Dm\*

D(B) ——z— p(5)

Remark 2.1.4. This is actually stronger than the property written in equa-
tion (2.1) of Theorem 2.0.1, but it will be clear after Proposition 2.1.10 that
dom: C/ps — C is also a colim-fibration. The following propositions shed more

light on what it means to be a colim-fibration.

Proposition 2.1.5. Every colim-fibration is a discrete fibration.

Proof. Let p: § — C be a colim-fibration. We firstly show that only identities

can be over identities with respect to p. So suppose v: S’ — S is a morphism
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in § such that p(v) = idys). We have that p(S) is trivially the colimit of the
diagram D: 2 — (C given by the arrow id,s), with universal cocone given by just
identities. But then both the arrows v and idg give a diagram D: 2 — S with
a universal cocone that exhibits S = colim D such that it is over the universal

cocone given by the identities of p(S). And we conclude that v = idg.

Take now S € § and u: C' — p(S5) a morphism in C. We want to show that there
is a unique lifting of u to S. Consider then the diagram D: 2 — C given by the

arrow u in C. Then the colimit of D exists trivially and is p(S), with universal

I,

p(9)

As p is a colim-fibration, there exist a unique diagram D: 2 — S and a unique

cocone

universal cocone 7i that exhibits S = colim D with po D = D and pofi = u. But
then we need to have D(1) = S and 7, = idg by the argument above, whence D
is the unique lifting of u to S. O

Corollary 2.1.6. Let p: S — C be a functor. The following are equivalent:
(1) p is a colim-fibration;

(11) for every object S € S and every universal cocone p that exhibits p(S) as
the colimit of some diagram D: A — C with A small, there exists a unique
pair (D, ) with D: A — S a diagram and a i a cocone for D on S such
that poD = D and pofi = u; moreover Ti is a universal cocone that exhibits

S = colim D.

Remark 2.1.7. Corollary 2.1.6 shows that, for a colim-fibration, the liftings 7z

of universal cocones p are unique as mere cocone over p on the starting S € §.

We notice that the definition of creating colimits (see for example Adamek, Her-
rlich and Strecker’s [1]) and condition (i7) of Corollary 2.1.6 for being a colim-

fibration are actually pretty similar, but somehow dual to each other. Indeed,
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looking at the diagram in equation (2.2), creation of colimits starts from a dia-
gram D and produces a colimit S for it, while being a colim-fibration starts from

some S and produces a diagram D with colimit S.

To further clarify the connection between these two, we recall the following pro-

position from Addmek, Herrlich and Strecker’s [1, Proposition 13.34].
Proposition 2.1.8. For a functor F', the following are equivalent:
(i) F preserves and lifts [uniquely] all the colimits;

(11) F preserves and detects all the colimits, and moreover it is a [discrete] iso-

fibration.

Remark 2.1.9. By Proposition 2.1.5, a colim-fibration is always a discrete fibra-
tion and so always a discrete iso-fibration. But we still have to clarify the con-

nection between being a colim-fibration and reflecting colimits.
Proposition 2.1.10. Let p: S — C be a functor. The following are equivalent:
(1) p is a colim-fibration;

(i) p is a discrete fibration that reflects all the colimits.

Proof. We prove “(ii) = (i)”. Take S € § and a universal cocone £ that exhibits
p(S) as the colimit of some diagram D: 4 — (C with 4 small. Since p is a
discrete fibration, there exists a unique pair (D,f) with D: 4 — S a diagram
and 7z a cocone for D on S such that po D = D and po i = p. Indeed, for every
A € A, we can define D(A) and Ji, by taking the unique lifting of j4 to S, and,
for every f: A — B in 4, define D(f) to be the unique lifting of D(f) to D(B),
whose domain needs to be D(A) since any discrete fibration is split. Moreover 7z

needs to be universal since p reflects all the colimits and p o 1 = p is universal.

We now prove “(i) = (ii)”. So let p be a colim-fibration. After Proposition 2.1.5,
we just need to prove that p reflects all the colimits. Take a diagram H: 4 — S
with A4 small and a cocone ( for H on some object S € §; assume then that po (

is a universal cocone, exhibiting p(S) = colim (po H). By Corollary 2.1.6, we
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know that there exist a unique pair (po H,po () with po H: 4 — S a diagram
and p o ( a cocone for po H on S such that popo H =po H and popo ( =po(,

and that moreover p o ( is a universal cocone that exhibits S = colimp o H. But

then we need to have that po H = H and p o {( = (, whence we conclude. [

Corollary 2.1.11. Let p: S — C be a colim-fibration that preserves and detects

all the colimits. Then p (preserves and) creates all the colimits.

Proof. Clear combining Proposition 2.1.8 and Proposition 2.1.10, since creating
all the colimits is equivalent to lifting uniquely and reflecting all the colimits (see

for example Adamek, Herrlich and Strecker’s [1]). O

Remark 2.1.12. We can now rewrite Theorem 2.0.1 by saying that
dom: C/p; — C is a colim-fibration that preserves and detects all the colim-
its. This is actually stronger than Theorem 2.0.1, but we see that dom does
satisfy this as it can be expressed as the category of elements of the represent-
able y(M) : C°® — Set and is thus a discrete fibration. The explicit formula in

equation (2.1) then comes from the explicit liftings of dom.

Construction 2.1.13. We want to produce a 2-categorical generalization of the
concept of colim-fibration. As described in Chapter 1, what we think most natur-
ally generalizes the notion of discrete fibration to dimension 2 is that of discrete
2-fibration. Recall its definition from Definition 1.1.7 and Remark 1.3.11. Dis-
crete 2-fibrations are a natural extension of the usual Grothendieck fibrations.
They are also required to be, locally, discrete opfibrations. Thus they are able to
uniquely lift 2-cells to a fixed domain 1-cell. Notice, though, that it would now
be much harder to directly generalize Definition 2.1.3 in a way that implies being
a discrete 2-fibration. So we think it is more concise to just ask having a discrete

2-fibration.

To reach a 2-categorical notion of colim-fibration, we then need to use a 2-
categorical concept of cocone. While weighted 2-cocylinders would be hard to
handle, we notice that a discrete 2-fibration has the ability to lift cartesian-

marked oplax cocones. Indeed, let p: § — ‘E be a cloven discrete 2-fibration.
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Consider then S € S, a marking W: A4°° — (Cat with A4 small, a 2-diagram
D: f W — ‘E and a cartesian-marked oplax cocone

0: Al =——= E (D(-), p(S))

oplaxcart

for D on p(S). Then p lifts (D, ) to a pair (D, ) with D: [W — S a 2-diagram
and # a cartesian-marked oplax cocone for D on S such that po D = D and

pof=4.

0a,x
D(A, X) Ny 1

D) =

D(B,X") ——— p(S)

Om,x1)

For every (A4,X) € [W, we define D(A,X) and 64 x) by taking the chosen
cartesian lifting of 04 x) to S. For every (f,a): (A, X) — (B,X') in [W, we
then define 5f7a: g(A,X) — & to be the unique lifting of 0, to 5(A7X). Since
g(B,X/) is cartesian, ¢ factors through §(B7X/); we define D(f, ) to be the unique
factoring morphism D(A, X) — D(B, X'), so that 0;,: 04 x) — 03 x»oD(f, ).
It remains to define D on 2-cells. Given 6: (f,a) = (g,8): (A, X) — (B, X’) in
[W, we define D(J) to be the unique lifting of D(J) to D(f,a). The codomain
of D(8) is D(g, ) because of the uniqueness of the lifting of

0(a,x)

D(4, X) D(f,c) /
D(j}\ Or.a
D(g,8)

D(B, X") —5—— p(9),

0B, x7)

which coincides with 0,4, to é( 4,x), and the cartesianity of 5(37 x7. This argu-
ment also proves the 2-dimensional property of the oplax naturality of 6. It is
straightforward to check that D is a 2-functor and that 6 is cartesian-marked
oplax natural, using the cartesianity of the 5( A,x)’s and the uniqueness of the
liftings of a 2-cell to a fixed domain 1-cell (with arguments similar to the above

one).
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Clearly, the g(A,X)’s are not unique above the 64 x), but cartesian. Having
fixed them, however, the rest of the cartesian-marked oplax cocone @ is uniquely
defined. It is also true that, given another pair (15, 5) that lifts (D, 0), the unique
vertical morphisms D(A, X) — D(A, X) that produce the factorization of the
5( 4,x)’s through the cartesian 5( 4,x)’s form a unique vertical 2-natural transform-
ation j: D — D such that § = (— o0 j)of. This can be checked using the
uniqueness of the liftings of a 2-cell to a fixed domain 1-cell and the cartesianity

of the §(A7X)’s.

The following definition is original.

Definition 2.1.14. A 2-functor p: § — E is a 2-colim-fibration if it is a cloven
discrete 2-fibration such that, for every S € S, 2-functor W: 4°° — (Cat with
A small (the marking), 2-functor D: [W — ‘E (the diagram) and universal
cartesian-marked oplax cocone

6: Al =—— E(D(-),p(9))

OplaXcart

that exhibits p(S) = oplax®®*-colim®! D, the pair (D, #) obtained by lifting (D, 6)

through p to S as in Construction 2.1.13 exhibits
S = oplax®™* -colim”' D.

Remark 2.1.15. Remember that every weighted 2-colimit can be reduced to a
cartesian-marked oplax conical one, so the property of being a 2-colim-fibration

can as well be applied to any universal weighted 2-cocylinder
p: W= E(F(=),p(5))

for some 2-diagram F': 4 — ‘E, after reducing it to a universal cartesian-marked

oplax cocone.

Remark 2.1.16. We would now like to generalize Proposition 2.1.10 to dimen-
sion 2. We see, however, that a 2-colim-fibration does not necessarily reflect

all the (cartesian-marked oplax conical) 2-colimits, because the lifting (D, #) of
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Construction 2.1.13 is not unique anymore. Indeed, if we start from a cartesian-
marked oplax cocone above (at the level of \S), project it down and lift, we do
not find in general the starting cartesian-marked oplax cocone. We almost find
the same, however, if we start from a cartesian-marked oplax cocone that we call

cartesian, and now define. This will bring us to Proposition 2.1.19.

Definition 2.1.17. Let p: § — £ be a discrete 2-fibration. Consider then
S € S, a marking W: 4° — (Cat with 4 small and a 2-diagram H: [W — §.

A cartesian-marked oplax cocone

is cartesian if for every (A, X) € [W the component ((a,x) (seen as a morphism

in §) is cartesian with respect to p.

We say that p reflects all the cartesian (cartesian-marked oplax conical) 2-colimits

if it reflects the universality of cartesian cartesian-marked oplax cocones.

Example 2.1.18. Let E be a 2-category and M € ‘E. The cartesian morphisms
in E fax )y with respect to dom: E /. py — E are precisely the triangles

E— 7 g

with the 2-cell v an isomorphism. So the cartesian cartesian-marked oplax

2[R

cocones in E /., )s are the ones with components triangles filled with isomorph-

1Sms.

Proposition 2.1.19. Let p: S — ‘E be a cloven discrete 2-fibration. The follow-

ing are equivalent:
(i) p is a 2-colim-fibration;

(i1) p reflects all the cartesian 2-colimits.

Proof. We prove “(ii) = (i)”. In the notation of Definition 2.1.14, the cartesian-

marked oplax cocone @ is cartesian by Construction 2.1.13. Since p reflects all
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the cartesian 2-colimits and p o @ = 6 is universal, then # needs to be universal

as well, exhibiting S = oplax®* -colim™' D.

We now prove “(i) = (i7)”. So consider S € §, a marking W: 4°° — Cat with 4

small, a 2-diagram H: [TV — § and a cartesian cartesian-marked oplax cocone

Assume that p o ¢ is universal, exhibiting p(S) = oplax®®*t-colim™ (p o H). We
prove that ¢ is universal as well. Consider the lifting (p o H,po {) of (po H,po ()
through p to S, as in Construction 2.1.13. It is straightforward to check that, since
cartesian liftings are unique up to a unique vertical isomorphism, there exists a
2-natural isomorphism j: H = po H such that ¢ = (— o j) opo( (see the last
part of Construction 2.1.13). Since p o ( is universal, as p is a 2-colim-fibration,

and (— o 7) is a 2-natural isomorphism, we conclude that ¢ is universal. O]

Remark 2.1.20. We have seen in Remark 2.1.12 that we can rephrase the 1-
dimensional Theorem 2.0.1 by saying that dom: C/p; — C is a colim-fibration
that preserves and detects all the colimits. And this latter is actually stronger
than Theorem 2.0.1, but true since dom: C/p; — C can be obtained as the
category of elements of the representable y (M) : C°? — Set.

As described in Chapter 1, we believe the most natural categorification of the
construction of the category of elements is given by the 2-category of elements. So,
to obtain a generalization of Theorem 2.0.1 (or better, the stronger colim-fibration
result) to dimension 2, we consider the 2-category of elements of a representable
y(M) : E® — (Cat (given E a 2-category and M € E). This gives the domain
functor from the lax slice E f.. ps, further justifying Construction 2.1.1:

Ehox M — 1

lax comma
dom 1

op
E W Cat

We now prove that dom: E /., py — ‘E is a 2-colim-fibration (Theorem 2.1.21).

In particular, considering how liftings along dom are calculated, this will also
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imply the conclusion of Construction 2.1.1 (first approach) from this abstract
point of view. We will then address lifting (that is stronger than detection)
of 2-colimits in Proposition 2.2.6 and preservation of 2-colimits in Section 2.3,

establishing a full 2-categorical generalization of Theorem 2.0.1.

Theorem 2.1.21. Let E be a 2-category and M € ‘E. Then the 2-functor
dom: E fox py — E is a 2-colim-fibration. As a consequence, in the notation

of Construction 2.1.1,

colimW F oplax®?® -colim®! (FoG(W)) A
la = La = oplax®* -colim~! L?

M M
in the laz slice E ). )y. Here, L9 is the 2-diagram in E . ) that corresponds to
the cartesian-marked oplax cocone A1 on M associated to the weighted 2-cocylinder

on M that q represents.

Proof. By Remark 2.1.20, we know that dom: E /., py — E can be obtained as
the 2-category of elements of y (M) : E°® — Cat. So dom is a discrete 2-fibration

with a canonical cleavage (the chosen cartesian lifting of a morphism f is (f,id)).

We prove that the second part of the statement is a consequence of the first
one. So assume we have already proved that dom is a 2-colim-fibration.
Calling 6 the universal cartesian-marked oplax cocone that exhibits C' =
oplax®*®-colim™! (F o G(W)), we then obtain that the lifting of (F o G(W),6)
through dom to ¢ (calculated as in Construction 2.1.13)

0(a,x)

FoG(W)(A X)

FoQ(W)(m e

FoG(W)(B,X') ——— ¢

OB,x")
Idom

bax Idom
\ Jef,a
F(f)

O5.x1)
exhibits
q = oplax®* -colim™' F o G (W)
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in E /ax /- And we can calculate F o G (W) and @ explicitly, looking at the
action of y (M) : E°® — (Cat on 1-cells and 2-cells, since dom = G (y(M)). Given
(A, X) e [W,

FoG(W)(A X) =y(M)(0ax)(a) =qo0ux)=N,x =L (A X)

9(A X)

F(A)
id /
<Ax
Given (f,a): (A, X) = (B, X') in [W,
Ora =0fa: (O(ax),id) = (Opx 0 F(f),y(M) (0f.0)q)

whence, since y (M) (0f.0)g = ¢ % 070 = Af

FoG(W)(f \ / L9(f, ).
Noix N

Given d: (f,a) = (9,0): (A, X) — (B, X') in [W,
We now prove that dom: E j., oy — E is a 2-colim-fibration. By Proposi-
tion 2.1.19, it suffices to prove that dom reflects all the cartesian 2-colimits. So

take t: K — M, a marking W: 4°°® — (Cat with A4 small and a 2-diagram

H: [W — E }ax M- Consider then a cartesian cartesian-marked oplax cocone

such that dom o( is universal. We prove that ¢ is universal as well.

Given g: E — M and

0: Al ==L fox pr (H(—),9),

oplaxcart
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we need to produce a morphism

K— 1 . F
\:/
in E fax 0 such that o = (70 —) o . Then we need
domoo = domo(yo—)o (= (yo0—)odomo(,

whence 4 needs to be the unique morphism K — E in ‘E induced by dom oo
via universality of domo(. We will now produce the inner 2-cell v in E via the

2-dimensional universality of dom o(. Indeed ~ corresponds to a modification
Z:(to—)odomo( = (go7o—)odomo(.

Notice that the target of = coincides with (go —) odomoo. Given (4, X) € [W,

we will have that Z(4 x) = 7 * ((4,x), and we want to obtain

C(AX) q G
dom(H (A, X)) P K dom(H(A, X)) —4Y g
—_= U(A‘X:)\/

H(A,X) 9

M
The component (4 x) is indeed a triangle filled with an isomorphism, by Ex-
ample 2.1.18, since ( is cartesian. Whence we need to take

T(A,X)

dom(H(A, X))

_— |
o — Ca, H(AX
SAX) = % X 24
C(A X) J/

K———M

E

It is straightforward to check that = is a modification between cartesian-marked
oplax cocones. So Z induces a unique 2-cell v: ¢ = g o7 in E such that (v *
—) x (domo() = Z. We check that 0 = (70 —) o ( (as cartesian-marked oplax
natural transformations). It surely holds on object components by construction

of =. Given a morphism (f,a) in (W)™, it suffices to check that

= :V\* Cf,a
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But this holds by construction of 7.

We now show the uniqueness of 7. So assume there is some 7': ¢t = g in E /. Mf
such that ¢ = (7' o —) o (. Then v = ~ by the argument above. Since the two

2-cells v and 7/ in ‘E are then between the same 1-cells, it suffices to prove that

(v * —) * (domo() = (7 * —) x (dom o().

But this can be checked on components, and -y * @ =% @ holds because

(yo—)ol=0=(y0o-)o(
and ( is cartesian (essentially, both give the same =Z).

It remains to prove the 2-dimensional universality of (. Given g: E — M, two
morphisms 7,7 : t — g in E /., s and a modification

X (’70_)O<3(7,O_)o§:A1:>£/laxM(H(_)7.g>7

oplaxcart

we need to produce a 2-cell T': v — 4" in E f.y ps such that ¥ = (I'x —) * (. But
the latter equality is satisfied precisely when it is satisfied after composing with
dom. So consider dom %X; as domo( is universal, we find a unique r: v = f?’
such that

dom xX = (f x —) * (dom o().

And then T gives a 2-cell T: v — +/ in E Jax M- Indeed, we need to prove that
g * To ~v =~ as 2-cells in ‘E, and it suffices to show that

(9% T o) % =) % (domo¢) = (7 * =) * (dom oC),
by 2-universality of dom o(. This can be checked on components, where it is true
because it holds after pasting with the components of ¢ (that are isomorphisms,
because ( is cartesian), since X: (yo —)o ( = (7 o —) o (. By construction of T,
we immediately obtain that ¥ = (I' x —) % ¢, and our argument has proved the

uniqueness of I as well. O

Remark 2.1.22. The proof of Theorem 2.1.21 equally works for sigma colimits
(of Descotte, Dubuc and Szyld [15], w.r.t. the cartesian marking) in the place
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of cartesian-marked oplax colimits. Slightly modified, it works as well for sigma
bicolimits. Exactly as every 2-colimit can be reduced to a cartesian-marked oplax
conical one, every (weighted) pseudo colimit can be reduced to a sigma colimit,
and every bicolimit can be reduced to a sigma bicolimit (see [15], where the result

is derived from Street’s [42]).
We thus have the following corollary.
Corollary 2.1.23.

pseudo -colim" F sigma -colim™! (F o G (W))

La = L = sigma -colim®! L9
M M
. W . . - Al
bicolim" F B sigma -bicolim~" (F o G (W)) . ALy
La 1 sigma -bicolim™" L
M M

in the lax slice E fax N, where LY is the 2-diagram in E f.x pg that corresponds
to the sigma cocone A1 on M associated to the weighted pseudo cocylinder on M

that q represents.

Proof. Construction 2.1.13 equally works to lift any oplax cocone 6 to an oplax
cocone 6. If 6 is sigma natural, then 6 is sigma natural as well, since a discrete
2-fibration lifts isomorphic 2-cells to isomorphic 2-cells. The same argument of
the proof of Theorem 2.1.21 then shows that dom also reflects the universality of

cartesian sigma cocones.

Slightly modified, the proof of Theorem 2.1.21 works as well for sigma bi-colimits.
Indeed, via bi-universality of domo(, we have that dom oo induces 7 and an
isomorphic modification k: (7o—)odom o = dom oo. We then induce the 2-cell y
from a slightly modified version of = obtained by pasting the assignment of =4 x)
in the proof of Theorem 2.1.21 with Iﬂ(_Al’X). So that k(4 x) is by construction a
2-cell in the lax slice, and hence becomes a modification between sigma cocones

(as the condition of modification holds after applying dom). m
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2.2. F-categories and a lifting result for

the domain 2-functor

In this section, we address the lifting of colimits of dom: E f.x oy — E. In
dimension 1, the fact that dom: C/p; — C lifts all the colimits is based on the
correspondence between the diagrams in C /s and the cocones in C on M. More
precisely, while the fact that dom is a colim-fibration is based on the ability to
produce a diagram in the slice over M from a cocone on M, the lifting of colimits

is based on the converse.

We have already seen in Construction 2.1.1 (first approach) that, in dimension 2,
we can reorganize a cartesian-marked oplax cocone on M as a 2-diagram in the
lax slice E /ax pf- The second approach allows us to capture this reorganization
process from a more abstract point of view (see the proofs of Proposition 2.2.1
and Theorem 2.1.21). However, not every 2-diagram in E /,x )/ can produce a

cartesian-marked oplax cocone on M as the cartesian-marked condition may fail.

In this section, we generalize to dimension 2 the bijective correspondence between
cocones on M and diagrams in the slice over M (Proposition 2.2.1). We then
justify this result via F-category theory (introduced by Lack and Shulman in [30],
and recalled in Definition 2.2.3 and Remark 2.2.4). Finally, we show a result of
lifting of 2-colimits for dom: E f.. py — E in Proposition 2.2.6.

Proposition 2.2.1. Let ‘E be a 2-category and M € ‘E. Consider then a marking
W: A% — Cat with A small and a 2-diagram D: [W — E. There is a bijection

between cartesian-marked oplax cocones

A: Al = E(D(-), M)

Oplaxcart
on M and 2-diagrams D: [W — E fi A such that for every morphism (f,id)
in [W the triangle D(f,id) is filled with an identity.

Proof. Given ), since dom is a discrete 2-fibration, we can lift (D, \) to idy, and

obtain a pair (D, \) as in Construction 2.1.13. Exactly as in the first part of the
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proof of Theorem 2.1.21, we can calculate D explicitly, looking at the action of
y(M) : E°® — (Cat on 1-cells and 2-cells, since dom = G (y(M)). We obtain the

formulas

D(f,a) = (D(f,a), Ar.a): Aax) = Az,xn

Starting instead from a 2-diagram D, we can reorganize its data as a cartesian-

marked oplax cocone \ for dom oD on M, with formulas
Aax) = D(A,X): dom(D(4, X)) — M.

Ao = D(f,a).

It is straightforward to check that the 2-functoriality of D guarantees that A is
oplax natural. Given (f,id) in [W, we obtain A;q = D(f,id) = id, and then A

is also cartesian-marked oplax.

It is clear that the two constructions we have produced are inverses of each

other. ]

Remark 2.2.2. We believe Proposition 2.2.1 is best captured by F -category
theory, also called enhanced 2-category theory, for which we take as main ref-
erence Lack and Shulman’s [30]. We give a quick recall of ¥F-category theory
in Definition 2.2.3 and Remark 2.2.4. We will thus rephrase Proposition 2.2.1
in Remark 2.2.5. ¥ -category theory will then be even more useful for us to
prove the preservation of (appropriate) 2-colimits for dom: E /. py — E in
Section 2.3. We will indeed show that dom preserves a large class of 2-colimits
(Theorem 2.3.12), despite not every 2-colimit, and that this makes sense from an

F -categorical point of view.

Definition 2.2.3. 7 is the cartesian closed full subcategory of Cat* (the category
of arrows in Cat) determined by the functors which are injective on objects and
fully faithful (i.e. full embeddings). It is possible to enrich over ¥, obtaining
F -category theory. An F-category S is then given by a collection of objects, a
hom-category § (X, Y') _ of tight morphisms and a second hom-category S (X, Y),

of loose morphisms that give 2-category structures (respectively) S, and Sy to S,
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together with an identity on objects, faithful and locally fully faithful 2-functor
Js: S, — S». An F-functor F: § — T is a 2-functor F: Sy — 7, that
restricts to a 2-functor F,: S, — 7. (forming a commutative square); this is
equivalent to F'y preserving tightness. And an F -natural transformation is a 2-
natural transformation « ) between loose parts that restricts to one between the
tight parts; this is equivalent to ar) having tight components. It is then true that
the category F is enriched over itself, with tight morphisms the morphisms of
F, loose morphisms the functors between loose parts and 2-cells the 2-natural
transformations between the latter. And for every F-category § and S € § we
can build a copresheaf §(S,—): S — ¥, that sends S’ to the full embedding
S, (9,8 = 8, (5, 9.

Given ¥ -categories S and 7, there is an F -category [S, 7T ]5r of F-functors from
S to 7, where the tight morphisms are the F-natural transformations, the loose
morphisms are the 2-natural transformations between the loose parts and the

2-cells are the modifications between the loose morphisms. But we will need also
F

an oplax version [§, T]7 ..

of it, which is the F-category defined as follows:

an object is an F-functor G: S — T;

a loose morphism G l:> H is an oplax natural transformation a, between the
oose

loose parts such that the structure 2-cells on tight morphisms are identities,

that precisely means that « * Js is (strictly) 2-natural; we call them loose

strict/oplaz;

a tight morphism G = H 1is a loose one that restricts to a 2-natural transforma-
tion between the tight parts, which is equivalent to a loose morphism with

tight components; they are usually called strict/oplaz,
a 2-cell is a modification between the loose morphisms.

Remark 2.2.4. We can apply the definitions above to the case 7 = F, ob-
taining two F-categories of copresheaves on §. The strict one, [§, F ]? , can be

characterized as follows:
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an object is an F-functor G: § — F, that we can identify with a pair of 2-
functors G,: S, — (Cat and G,: S, — (Cat together with a 2-natural

transformation
S- —> S

\/

whose components are all full embeddings;

a loose morphism G == H is a 2-natural transformation a\: Gy = Hy: S\ —

loose
Cat;

a tight morphism G = H is a loose one with tight components, that precisely

means that it induces a 2-natural transformation «,: G, = H, such that

57_ L 5)\ 57_ L} 5>\
G- G Hr H,
Cat Cat

a 2-cell is a modification between the loose morphisms.

Whereas the oplax version [§, F ] can be characterized as follows:

oplax

an object is an object of [§, F ]ﬂr , that we keep on viewing as a triangle above (in

the description of [S, F ]T);

a loose morphism G 1:> H is an oplax natural transformation ay: G, — H)
oose
that is (strictly) 2-natural on tight morphisms, meaning that ay x Js is

2-natural; we call them marked oplax,

a tight morphism G = H is a loose one with tight components, that precisely

means that it induces a 2-natural transformation «,: G, = H, such that

57#5)\ 57_#5)\

o
G- G Hr H,

Cat Cat
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a 2-cell is modification between the loose morphisms.

Remark 2.2.5. The 2-category of elements of a 2-functor W: 4°° — (Cat has
a canonical structure of F-functor G(W): [W — A. Indeed any 2-category A4
can be seen as an F-category by taking every morphism to be tight. And we
can give [W a natural F-category structure taking its loose part to be itself (as
a 2-category) and as tight morphisms the morphisms of the kind (f,id) (i.e. the
morphisms of the cleavage). Then [( i W) > Cat} oplaxcart coincides with the loose
part of [( 1l W)OP, T ]OTplaX, justifying even more the use of the cartesian-marked

oplax natural transformations to work with the 2-category of elements (but also

with the usual Grothendieck construction).

Since E fiax M = [y (M), we obtain that the lax slice of E on M has a canonical
F -category structure, with loose morphisms the usual ones and tight morphisms
the triangles filled with an identity. That is, the tight part of E /. ps is the
strict 2-slice £ /ps. So we can rephrase Proposition 2.2.1 by saying that there is
a bijection between the loose strict/oplax F-cocones on M and the F-diagrams

in the lax slice on M.

We can now prove a result of lifting of 2-colimits for dom: E /., py — E. Such
result is not about all the cartesian-marked oplax colimits, but this makes sense

from an F-categorical point of view.

Proposition 2.2.6. Let E be a 2-category and let M € E. Then the 2-colim-
fibration dom: E f. py — E lifts all the cartesian-marked oplaz colimits of F -

diagrams.

That is, given a marking W: A — Cat with A small, an F -diagram H: [W —

E fax M and a universal cartesian-marked oplaz cocone

0: Al === E((domoH)(—),C)

Oplaxcart
that exhibits C' = oplax®* -colim™! (dom oH) in ‘E, there exist ¢ € E fuy ) over

C and a uniwersal cartesian-marked oplax cocone
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for H on q ezxhibiting ¢ = oplax®®® -colim™'H in E hax M Such that domof = 6

(i.e. 0 is over ).

Proof. By Proposition 2.2.1 (together with its proof) and Remark 2.2.5, the ¥ -
diagram H: [W — E /. ) corresponds to a cartesian-marked oplax cocone A
for domoH on M. As @ is universal, then X induces a unique morphism q: C' — M

such that A = (go —) o 6.

Consider now the lifting of the pair (domoH,#) through the discrete 2-fibration
dom to ¢, as in Construction 2.1.13. Since dom is a 2-colim-fibration, by The-

orem 2.1.21, the pair (dom o, #) that we obtain over (domoH, ) exhibits

cart

= oplax®®* -colim“'dom o H.

But we can calculate dom oH explicitly, as in the first part of the proof of The-
orem 2.1.21, looking at the action of y(M): E°® — (Cat on 1l-cells and 2-cells,
since dom = G (y(M)). Given d: (f,a) = (g,0): (4,X) = (B,X’) in [W, using
also the proof of Proposition 2.2.1 we obtain
dOHlOH(A, X) =qo Q(A,X) = )\(A,X) = H(A,X)
Tom o (f,a) = (dom(H(f,)),q * 07.) = (dom(H(f,)), Ara) = H(f, )
domoH () = dom(H (8)) = H(J)

So domoH = H, whence we conclude. O

We have thus already proved that dom: E f.. py — E is a 2-colim fibration
(Theorem 2.1.21, which includes a result of reflection of 2-colimits) that also lifts
a large class of colimits (Proposition 2.2.6, justified via ¥ -category theory). In
order to reach a complete generalization of the 1-dimensional Theorem 2.0.1, it

only remains to address preservation of 2-colimits for dom.

2.3. Lax f-adjoints and preservation of colimits

Aiming at a full generalization of the 1-dimensional Theorem 2.0.1 to dimension

2, we would like to prove that dom: E f.. ps — E preserves 2-colimits, assuming
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that E has products. F-category theory will be crucial for this. Remember also
that it helped justify the lifting result and that it could also justify more the

reflection result.

In dimension 1, given a category C with products, the functor dom: C/p; — C
preserves colimits because it has a right adjoint, namely dom 4 M x —. In
dimension 2, assuming to have products, the 2-functor M x — is only a lax right
adjoint to dom: E f.x py — ‘E, and more precisely a right-semi-lax right adjoint,
as we prove in Theorem 2.3.12. However, this is not enough for the preservation

of 2-colimits.

In this section, we prove (Theorem 2.3.10) that having a right-semi-lax right
F -adjoint is enough to guarantee the preservation of all tight strict/oplax F -
colimits (see Definition 2.3.6). Furthermore, having only a right-semi-lax loose
right F -adjoint is enough to guarantee the preservation of a large class of 2-
colimits. We then prove that dom has such a (tight) ¥ -categorical right adjoint
(Theorem 2.3.12), and thus preserves all tight strict/oplax F -colimits, as well as

other (more loose) 2-colimits.

In Section 2.4, we will prove that also the 2-functor of change of base along a
split Grothendieck opfibration between lax slices has a suitable F-categorical

right adjoint (so that also such 2-functor preserves a large class of 2-colimits).

We begin recalling the concept of lax adjunction and the universal mapping prop-
erty that characterizes it (Definition 2.3.1, Remark 2.3.2 and Proposition 2.3.3),

for which we take as references Gray’s [20, Section 1,7] and Bunge’s [11].

Definition 2.3.1. A lax adjunction is, for us, what Gray calls a strict weak
quasi-adjunction in [20, Section 1,7]. That is, a laz adjunction from a 2-functor
F: A4 — Btoa2-functor U: B — A4 is given by a lax natural unit n: Id = UoF,

a lax natural counit €: F o U = Id and modifications

UoFoU

b oA T

FoUoF
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that express lax triangular laws, such that both the swallowtail modifications

d " L UF FU ﬁ
sU
nl o lUF" o
TIn 1/ th% e
UF —— UFUF " FU{ / l
n W e
w/ UF FU —— id

are identities.

A right-semi-lax adjunction is a lax adjunction in which the counit ¢ is strictly

2-natural and the modification s is the identity.

We call a lax adjunction strict when s and t are both identities, making the

triangular laws to hold strictly.

Remark 2.3.2. Using lax comma objects, firstly introduced by Gray in [20, Sec-
tion [,2] and refined in Definition 1.3.4, we can reduce the study of lax adjunctions
to ordinary adjunctions between hom-sets. Indeed, according to Gray, a lax ad-
junction is equivalently given by homomorphic (see below) 2-adjoint functors

S
T

Flaxg L+ Ahv
‘\T/
over A x B with unit x: id = T'0S and counit £: SoT = id (that are automatic-
ally 2-natural if assumed natural) over 4 x B. Here S and 7" homomorphic means
that they are given uniquely by lax natural n and e (it can be defined precisely as
in 1.5.10 of Gray’s [20], asking for example T" to transform precomposition with

cells in 4 into precomposition with the image through F' of those cells; see also

below how we produce T from ¢).

Strictness corresponds to
X *tp =1id and & xiy =id,

where ip: 4 — F /.« g is the 2-functor induced by the identity on F' and ana-

logously for iy .
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Such a 2-adjunction S 4 T means, in particular, that we have ordinary adjunc-

tions between homsets

for every A € 4 and B € B. And we can rephrase such ordinary adjunctions in
terms of having universal units. The global adjunction S 4T corresponds, then,
to such units satisfying a broader universal property, that captures the possibility
of h: F(A) — B to vary in the whole lax comma object £ j,, g rather than in just
B(F(A), B). This is the idea behind Proposition 2.3.3, that shows the universal
mapping property that characterizes lax adjunctions, except that in general the
lax right-adjoint produced is only oplax functorial. In our examples, however,
such characterization will produce a strict (right-semi-) lax adjunction between

2-functors.

Before that, it is helpful to see explicitly how a lax adjunction (F,U,n,¢,s,t)
produces the adjunctions (S5, T, x, §) between the homsets on A € 4 and B € B,

as we will use this later. S and T are defined as usual as
S=(~om)ol

T:(830—>OF

And the lax naturality of  and € gives x and &; precisely, given h: F(A) — B in
Band k: A— U(B) in 4

B b
Xn =" F(A) zo F(U(F(A))) ﬂ P B
FUm)* <5
FU(B))
UE(A) ey
nA ~
= 4 [+ vrwm) ™ us
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In particular, we see that for a right-semi-lax adjunction we obtain y = id and

then 7o S = Id (this is where the name comes from).

Proposition 2.3.3 (dual of Proposition 1,7.8.2 in Gray’s [20] and of Theorem 4.1
in Bunge’s [11]). Let F: A — B be a 2-functor. Suppose that for every B € ‘B
there is an object U(B) € A and a morphism eg: F(U(B)) — B in B that
is universal in the following sense: for every h: F(A) — B in B there is an

h: A= U(B) in 4 and a 2-cell

PO —

F(h)l /Ah

F(U(B)) —=— B
in B such that, given any other g: A — U(B) and o: h = g o F(g), there is a
unique 6: h = g such that

Assume then that, for every h: F(A) — B in B, we have h = h o ep(a) © idp(a)

and

) TW)F ) = F(h)

Ah
F(hoep(a)) %m‘) lh F(U(B)) —— B

FU(B)) ——%—— B

- 2

and also that, for every B € B, we have €5 = id and \., = id.

Then U extends to an oplax functor, € extends to a laxr natural transformation
and there exist a lax natural transformation n and modifications s,t such that U
is a lax right-adjoint to F', except that in general U is only an oplax functor (and

the swallowtail identities need to be slightly modified accordingly).

In particular, if A, = id for every h: F(A) — B, we obtain a right-semi-lax

adjunction.
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Proof (constructions). Given g: B — B’ in B, define U(g) == goegp and ¢, =
Agoep- Given a 2-cell p: g = ¢’ in B, define U(p) as the unique 2-cell induced by
eg o nep. Given composable morphisms g and ¢’ in ‘B, pasting €, and ¢, induces

a unique coassociator for U, while the identity 2-cell induces a unique counitor.

We then define 74 = idp(4) and s4 == \;

ldF(A) .

F(A)

F(wl A

FU(E(A)) —— F(A)

EF(A)
And for every f: A — A" in A we take 1y to be the unique 2-cell that is induced

from

F(A)

y

F(na)

EF(A)

l z%m lF(f)

/

A)) —po FA)
considering s4 * F(f), thanks to the assumption in equation (2.4). Finally,
for every B € B, we induce tg from the identity 2-cell on g, using again the

assumption in equation (2.4), with h = ep. O

Remark 2.3.4. In our two examples, i.e. with F' equal to dom: E f., py — E
(Theorem 2.3.12) and F equal to the 2-functor of pullback along a split Grothen-
dieck opfibration between lax slices of Cat (Theorem 2.4.3), Proposition 2.3.3 will
produce a strict right-semi-lax adjunction between 2-functors. But this would not
be enough to guarantee preservation of colimits. It is enough if the right-semi-
lax adjunction is ¥ -categorical, as we prove in Theorem 2.3.10. But we have
to restrict the attention to the (tight) strict/oplax F -colimits, defined in Defini-
tion 2.3.6 (that we believe are the suitable colimits to consider in this context).
It might be helpful to look at Definition 2.2.3 and Remark 2.2.4 (that recall
F -category theory).

The concept of lax F-adjunction appears in Walker’s [50], but in a pseudo/lax

version and with the stronger request that s and ¢ are isomorphisms. Moreover,
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only what for us is the tight version is considered there, asking the unit 1 and
the counit € to be (tight) pseudo/oplax F-natural rather than loose ones. The
latter request means that n and e are tight morphisms in some [§ vS]gpmx of
Definition 2.2.3 rather than loose ones. Such request is not necessary to guarantee
the preservation of the “loose part” of tight strict/oplax F-colimits. Moreover,

it is not satisfied by our example of change of base along a split Grothendieck

opfibration between lax slices.

Definition 2.3.5. A loose lax F -adjunction is a lax adjunction (F,U,n,¢,s,t)
between the loose parts in which F' and U are ¥ -functors and n and ¢ are loose
strict/lax F-natural transformations (i.e. loose morphisms in [5, S]7" of Defini-

lax
tion 2.2.3 for suitable .S).

A (tight) lax F -adjunction is a loose one such that 1 and € are (tight) strict/lax

F-natural transformations (that is, have tight components).

A right-semi-lax loose F -adjunction is a loose lax F-adjunction such that ¢ is
strictly 2-natural (i.e. a loose morphism in [$,S]” of Definition 2.2.3) and s is
the identity.

We call a loose lax F-adjunction strict if both s and ¢ are identities.

Definition 2.3.6. Let A4 be a small F-category and consider ¥ -functors
W: A4°° — F (the weight) and H: 4 — S (the F-diagram). The strict/oplax
F -colimit of H weighted by W, denoted as oplax” -colim" H, is (if it exists) an

object C' € § together with an isomorphism in F
S(C,Q) = [A, Fli W.S (H(-), Q)

F-natural in @ € S, where [4°P F ]? is the F-category described in Re-

oplax

mark 2.2.4.

Remark 2.3.7. The natural isomorphism of Definition 2.3.6 is equivalently a

2-natural isomorphism between the loose parts, that is,

5)\ (C, Q) = [/qip, Cat]oplaxmark (W)\, SA (H)\(_>7 Q)) ’ (25)
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where the right hand side denotes the marked oplax natural transformations,
which restricts to a 2-natural isomorphism between the tight parts. Such tight
parts are respectively S, (C, @) and those marked oplax natural transformations
a) that restrict to 2-natural ones o, : W, = S, (H,(—), @), i.e. those forming a

commutative square

W, (A) 228 5 (H,(4),Q)
(]W)Al l(JS*HT)A

WA(A) 5 $x (Hx(4), Q)

for every A € 4 (where Js: S, (—, Q) = Sa(—, Q) o Js)

Remember that identities are always tight and tight morphisms are closed under
composition. So the request that the 2-natural isomorphism of equation (2.5)
restricts to one between the tight parts equivalently means that the universal
marked oplax cocylinder p* (corresponding to idg) satisfies the following two

conditions. For every A € 4 and X € W_(A), the morphism
WACX): H(A) > C

is tight, and, for every q: C' — Q in S, if g o uy(X) is tight for every A € 4 and
X € W.(A) then ¢ needs to be tight. We say that the (cocylinder) T-components

p(X)’s are tight and jointly detect tightness.

Proposition 2.3.8. Let A4 be a small F-category and consider F-functors
W: A% — F (the weight) and H: A — S (the F -diagram). The strict/oplazx
F -colimit of H weighted by W is, equivalently, an object C € § together with an

marked oplax cocylinder

,u’\: WA Ea—1 5>\ (H)\(—), C)

Oplaxmark

that is universal in the 2-categorical sense, giving a 2-natural isomorphism

S\ (C, Q) = [AYY, Cat] e (Wi, Sx (HA(-), Q)

and has T-components that are tight and jointly detect tightness.
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Proof. The proof is clear after Remark 2.3.7. Since the loose limit is 2-categorical,

it can indeed be characterized as having a universal marked oplax cocylinder. [

Definition 2.3.9. We call a strict/oplax F-colimit tight if it is exhibited by a
marked oplax cocylinder p* as in Proposition 2.3.8 such that all cocylinder \-
components py(X), for A € 4 and X € W,(A), are tight. Notice that this
condition is automatic in the case of cartesian-marked oplax cocones, that is the
one we are mostly interested in (as every weighted 2-cocylinder can be reduced

to one of this form).

We are now ready to prove that having a right-semi-lax right ¥ -adjoint guar-
antees the preservation of all tight strict/oplax F-colimits. We will actually see
that the property of the universal marked oplax cocylinder to have 7-components
that jointly detect tightness is preserved when we have a right-semi-lax (tight)
left F-adjoint, but not necessary to prove the preservation of the rest of the

structure, for which a loose adjunction is enough.

The following theorem does not seem to appear in the literature.

Theorem 2.3.10. Right semi-lax loose left F -adjoints preserve all the universal
marked oplazx cocylinders for an F -diagram which have tight A\-components (i.e.
in some sense the “loose part” of all the tight strict/oplax F -colimits, even if the

T-components do not jointly detect tightness).

Right semi-lax (tight) left F -adjoints preserve all tight strict/oplax F -colimits.

Proof. Let (F,U,n,¢e,s,t) be a right-semi-lax loose F-adjunction between ¥ -
categories § and E. That is, a lax adjunction between the loose parts where
F and U are F-functors, n is a loose strict/lax F-natural transformation, ¢ is
strictly 2-natural and s is the identity. Let then A be a small F-category and
consider F-functors W: 4°° — F and H: A — S such that the strict/oplax
F -colimit of H weighted by W exists in § and is tight. Call C such colimit; we

want to show that F' preserves it. By Proposition 2.3.8, it suffices to consider the
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universal marked oplax cocylinder

,u)‘: W)\ B 5,\ (H)\(—), C)

Oplaxmark

with tight A\-components that exhibits C' = oplax” -colim'" H and the marked

oplax cocylinder

Wy = $y (Ha(=), C) == Ey (Fy 0 Hy) (=), F(C))

Oplaxmark

obtained applying F' to the former.

We prove that F oy is universal in the 2-categorical sense and such that the
F(py(X))'s, for A € 4 and X € W, (A), are all tight, without using that the
T-components jointly detect tightness. Moreover, we show that if n and ¢ have
tight components, giving a right-semi-lax (tight) #-adjunction, then having 7-

components that jointly detect tightness is preserved as well.

Since a right-semi-lax loose ¥ -adjunction is in particular a right-semi-lax ad-
junction between the loose parts, we know by Remark 2.3.2 that (F,U,n,¢,id, t)

induces an adjunction between homsets

Sy,z

/\

Ex(FAY), Z) 1+ S\(Y,Ux(2))

\/

Ty,z

for every Y € § and Z € ‘E with unit the identity, showing T o S = Id, and
counit £: SoT =-id. The strategy will be to make use of the equality 70 S = Id
to move back and forth between E and §, recovering, after T' o S, the original

starting data of £ but with new information gathered in S.

The A-components F(u(X))’s are surely tight, since F is an F-functor. Take
then ¢: F(C) — Z in ‘E such that q o F(u}(X)) is tight for every A € 4 and
every X € W_(A). We show that if  and & have tight components, then ¢ needs
to be tight as well. Notice that S_ 7 is marked oplax natural in Y € S\, with
structure 2-cell on y: Y <— Y" in §) given by (—=m,)*U, since 7 is loose strict/lax

F-natural. Moreover, if 1 has tight components then S_ 7 is tight as well, since
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U is an F-functor. Since p}(X): H(A) — C is tight, we obtain S,z = 1d

and hence
Sc,z

Z:)\ (F)\<C), Z) —_ 5)\ (C, U)\(Z))

—oF (1) (X))J l—oum)

Ex(FA(H(A)), Z) Sx (H(A), Ux(2))

SH(A),z
Stayz(qo F(ui(X))) = Sc.z(q) o pi(X)

So if n is tight then the left hand side of the equality here above is tight, and
since the p%(X)’s jointly detect tightness we obtain that S¢ z(q) is tight. If we
also assume that ¢ is tight, then T¢ z is tight, whence ¢ = T'(S(q)) is tight.

We now prove that F' o p* is universal, assuming only a right-semi-lax loose -
adjunction and never using that the 7-components p (X) jointly detect tightness.
Everything below will be loose, so we abuse the notation dropping the loose

subscripts. The following figure condenses the strategy.

W - S(H(=),C) == E((F o H)(-), F(C))

| e
\u/ 11

E((FoH)(-),2) == $S(H(-),U(2)) == E((FoH)(-), 2)
(2.6)

Given a marked oplax cocylinder

oW ——=E(FoH)(-),2),

oplaxmark

we want to prove that there is a unique 6: F/(C) — Z in ‘E such that
(bo—)oFou=o.

Postcomposing o with Sy 7, we obtain a marked oplax cocylinder for H.
Indeed Sp(-)z is marked oplax natural in A € A°° with structure 2-cell on
a: A< A"in A given by (—*np(a)) * U, since 1 is loose strict/lax F-natural and
H is an F-functor. So, by universality of x, S oo induces a unique v: C' — U(Z)
in § such that

(yo—)opu=Soo.
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Notice then that the right square of the figure in equation (2.6) is commutative,

since it is equivalent to
(ez0 F(y))o F(=) =ez0 F(yo—),
that holds since F' is a 2-functor. So ¢ := T'(y) in ‘E is such that
(bo—)oFou=To(yo—)ou=ToSoo=o0.

We now show the uniqueness of . So consider another §': F(C) — Z in ‘E such

that (' o —) o F o u = 0. Postcomposing with S we obtain
So(d'o—)oFou=_Soo.
But we notice that
So(d'o—)oFou=(S(")o—)opu

as marked oplax natural transformations. Indeed, given A € 4 and o: X — X’

in W(A),

(So(d"0 =)o Fopu)(X)=U(d0F (na(X)))onuay = U(0")oU (F (1a(X)))ons a)-

Since p14(X) is tight and 7 is loose strict/lax ¥ -natural, 7,,(x) = id and hence
U(6") o U (F (na(X))) 0 naay = U(6") one o pua(X) = S(0") o pa(X).

And it works similarly for the images on «, using the 2-dimensional property of

n being oplax natural. Given a: A < A" in 4 and X € W(A),
(So(d"o—)oFopu),y=U(0"oF (na(X)))* M@ o U (8" F (pax)) * Nrar-

Considering pq x: pa(W(a)(X)) = pa(X)oH(a) in S, since 7 is loose strict/lax
F-natural and both pa(X) and pa (W (a)(X)) are tight, we obtain

U (F (pa(X))) * nr@) o U (F (Ha,x)) * Neany = N0 * Ha,X,
whence we conclude that

So(d'o—)oFou=(S(0")o—)opu
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Therefore, we have
(S()o—)ou="Soo=(yo-)ou,
and by universality of ;1 we conclude that S(¢§") = v, whence

o' =T(5(0") =T(v) = 0.

It only remains to prove the 2-dimensional universal property of F' o u. Given a

modification

YYo= W=—— E(FoH)(-),2),

Oplaxmark

we want to prove that there is a unique A: § = §': F(C) — Z in E such that
(Ax—)x(Fop)=2X.

By universality of y, whiskering > with S on the right induces a unique I': v = +/
in § such that
(Tx—)xpu=9x%X.

Notice then that
Tx(Tx—)=(TT)*—)xF

because F is a 2-functor, and thus A := T'(I') in £ is such that
(Ax =)« (Fopu)=Tx«Tx—)xpu=TxS*xX=1%.

To show the uniqueness of A, take another A’ such that (A’ * —) % (F o pu) = 3.
Whiskering with S on the right, we obtain

Sk (A"« =)x(Fopu)=SxX.

But notice that
Sx(A'x —)x (Fop)=(S(A")*—)xpu

Indeed it suffices to check it on components, where it holds since p4(X) is tight
and hence 7, (x) = id (analogously to what we have shown for the 1-dimensional

universal property). So

(S(AY* =)k pu=S*X=(Tx—)*p,
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whence S(A’) =I' by universality of © and thus
A'=T(S(A))=T(T) =A.

Therefore F' oy is universal in the 2-categorical sense. O]

We can now conclude the generalization of the 1-dimensional Theorem 2.0.1 to
dimension 2, by showing that, when £ has products, dom: E /. py — E has
a strict right-semi-lax (tight) right #-adjoint (Theorem 2.3.12) and hence pre-
serves all tight strict /oplax F-colimits. More importantly in the context of this
thesis, Theorem 2.3.10 then also guarantees that dom preserves all the univer-
sal cartesian-marked oplax cocones (which are marked oplax with respect to the
Grothendieck construction) for an F-diagram which have tight components. Re-
member that any weighted 2-colimit can be reduced to a cartesian-marked oplax

conical one.

Remark 2.3.11. Let E be a 2-category with products. After Theorem 2.3.12
we will have proved that, considering a marking W: A4°° — (Cat with A4 small
and an F-diagram H: [W — E /. )y (that is, a 2-functor that sends every
morphism of the kind (f,id) to a triangle filled with an identity), if

C: Al == E fiox M (H(—),0)

oplaxcart
is a universal cartesian-marked oplax 2-cocone for H on ¢ € E ., s exhibiting
q = oplax®@*-colim™' H such that C(a,x) is a tight morphism for every (A, X) €
JW (which means that it is a triangle filled with an identity), then domo( is

universal as well, exhibiting
dom(g) = oplax®* -colim“! (dom o H).

Theorem 2.3.12. Let E be a 2-category with products and let M € ‘E. Then
the 2-colim-fibration dom: E f.. Ay — E has a strict right-semi-laz (tight) right
F -adjoint.

As a consequence, by Theorem 2.53.10, dom preserves all tight strict/oplax F -

colimits, but also all the universal cartesian-marked oplax cocylinders for an F -
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diagram which have tight A\-components (see Remark 2.3.11 for what this means

explicitly in practice).

Proof. First of all, notice that dom is surely an F-functor, as every morphism of
E is tight (see Remark 2.2.5). We use the universal mapping property Proposi-
tion 2.3.3 that characterizes a lax adjunction to build a right-semi-lax right adjoint
U to dom: E /iy 3y — E. For every E € E, we define U(E) == (M x E =% E)
and ep: M x E 25 F , that is tight in £, remembering that in dimension 1 the

domain functor from C /s is left adjoint to M x —.

We show that such counit is universal in the lax sense. Given h: dom(K _
M) = E in E, take h = ((t,h),id): (K 5 M) — (M x E 2% M), which is
tight in E /. ps (see Remark 2.2.5); and \j, == id.

dom(K 5 M)

=
A

dom((¢,h),id )l

h
dom(M x E =% M) —— E

This guarantees that we will find a right-semi-lax adjunction in the end (see

Proposition 2.3.3). Given then another morphism

K—2 W MxE
in E /ax )7 and another o: h = pryo7y in ‘E, there is a unique 0: ((¢, h),id) =
(;y\a 7) n Z:/lax M such that

dom(K < M) . dom(K = M) .
dom((t,h),id)
dom(7,7) (<_T’— ) /}\h - domﬁﬂ)J/ %
dom(M x E =5 M) —— E dom(M x E =% M) —— E
Indeed ¢ is determined by
(t,h)
T

dom(6) = K [s MxE,
\Tj
o
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that needs to satisfy pr; *6 = « in order to be a 2-cell ((t,h),id) = (7,~) and
pry *#6 = o by the condition above. So § needs to be (v, ), and this works.

We then see that, for every E' € ‘E, g = id since in this case (¢, h) = (pry, pry) =
id (and A is always the identity). Moreover, for every h: dom(K LM ) — Ein
Z,

hoepa) oidpay = ((pry, h o pry),id) o ((t,id),id) = ((¢, h),id) = h,

making the assumption of equation (2.4) (of Proposition 2.3.3) hold.

By Proposition 2.3.3, as A\, is always the identity, U extends to an oplax functor,
e extends to a 2-natural transformation and there exist a lax natural transform-
ation 7 and a modification ¢ such that U is a right-semi-lax right adjoint to
dom: E f.x 7y — E. But it is easy to see, following the explicit construction of

Proposition 2.3.3, that U is the (strict) 2-functor

M x —: E — FEhuM
E +— (MxE™SE)
E—E — (id xe,id)

—id xf

Then, for every (K AN M) € E fux M-

(¢,i

U XK
\ id /
The fact that h is always tight implies that U = M x — is an F-functor and

that n has tight components (both also immediate to check directly). Given a

morphism

K—" LK

oA



2.3. LAX F-ADJOINTS AND PRESERVATION OF COLIMITS 107

in E fax M, we find that

Mx K

(t,iy \icxixa
ey = K ﬂ(%id) M x K’
ﬁ\ K %)

whence it is clear that 7 is (tight) strict/lax #-natural (since 15 q) = id). Finally,

t = id, giving a strict right-semi-lax adjunction.

We have also already checked that dom: E . oy — E and M x — are F-
functors, 7 is (tight) strict/lax F-natural and ¢ has tight components, giving a

strict right-semi-lax (tight) F-adjunction. O

Remark 2.3.13. We can actually obtain a sharper result of preservation of 2-
colimits for dom: E f.. Ay — E (when ‘E has products), as we show in Propos-
ition 2.3.14. Namely, we can omit the assumption that the universal cartesian-
marked oplax cocones for an F-diagram have tight A-components. Indeed, in the
proof of Theorem 2.3.10, the preservation of the universal marked oplax cocylin-
der uses the assumption that the i (X)’s are tight only to guarantee the unique-
ness part of the 1- and 2-universal property. But we can prove both uniqueness
results in another way, taking advantage of the simple description of the strict

right-semi-lax right F-adjoint U = M x — of dom.

Proposition 2.3.14. Let E be a 2-category with products and let M € ‘E. Then
dom: E fux Ay — E preserves all the universal cartesian-marked oplax cocones

for an F -diagram (without assuming them to have tight A-components).

Proof. We only need to prove the uniqueness part of the 1- and 2-dimensional
universal property, by Remark 2.3.13. Following the proof of Theorem 2.3.10
with F = dom and considering &': dom(K — M) — Z in ‘E such that (' o —) o
dom oy = o, rather than considering S(¢") = ((¢,9'),id), we define

KMMXZ

A 8l
7= \ pry
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Then 7/ satisfies (7' o—)ou = Soo, by the universal property of the product, since
~ satisfies the analogous equation and (¢’ o —) o domou = ¢. By the uniqueness

of v, we obtain that 7 = v and hence ¢’ = pryodom(y) = T'(y) = 9.

Analogously, we can prove also the uniqueness of the 2-dimensional universal
property, producing from A’ the 2-cell (pr; * dom(I"), A’) between the two suitable
triangles 4" here above. We indeed obtain A’ = pryxdom(I') =T(I") = A. O

2.4. Change of base between lax slices

In this section, we present and study a change of base 2-functor between lax slices
of a finitely complete 2-category. It is actually enough to only assume pullbacks
along split opfibrations and comma objects. We believe that it is natural to
consider a change of base 2-functor that calculates comma objects. Equivalently,
we can take pullbacks along split Grothendieck opfibrations (Proposition 2.4.1).
This is preferable in the context of this section, since Grothendieck opfibrations
in Cat are always Conduché and we can then generalize to lax slices the ideas of
Conduché’s [13] for finding a right adjoint to the pullback functor 7*: Cat /g —
Cat /.

We prove that if 7: £ — B is a split opfibration in a 2-category X (see Sec-
tion 4.2), then pulling back along 7 extends to a 2-functor 7: K fuox 8 —
K fax E- Furthermore, we prove that when X = (Cat such 2-functor has a
strict right-semi-lax loose right F-adjoint. As a consequence, by Theorem 2.3.10,
. Cat f.. 3 — Cat ), & preserves all the universal cartesian-marked oplax
cocylinders for an #-diagram which have tight A-components (see also Re-
mark 2.3.11). Remember that the context of universal cartesian-marked oplax

cocylinders includes the one of weighted 2-colimits, by Section 1.1.

We then extend this result of preservation of 2-colimits for 7* to more general 2-
categories other than Cat: firstly to prestacks (Proposition 2.4.5) and then to any
finitely complete 2-category with a dense generator (Theorem 2.4.6). This will

be crucial in Section 3.2 to reduce the study of a 2-classifier to dense generators.
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Throughout this section, we fix X a 2-category with pullbacks along split op-
fibrations and comma objects. We also fix a choice of all pullbacks. Reading the
proofs, it will be clear that if one is just interested in 7 a discrete opfibration,

then pullbacks along discrete opfibrations are enough.

Proposition 2.4.1. Let p: § — B be a morphism in K. Then taking comma
objects along p is equivalent to taking (strict 2-)pullbacks along the free Grothen-
dieck opfibration O1: p /g — B on p, which is split.

T—)P/Q}—)

—J J
l o S N .
— B

Proof. Tt suffices to check that the diagram on the right above has the universal
property of the comma object on the left, for every F': 4 — B in K. It is
known that 0; is the free Grothendieck opfibration on p and that it is split, see
Street’s [41]. O

Proposition 2.4.2. Let 7: E — B be a split Grothendieck opfibration in K.

Then pulling back along T extends to a 2-functor

T K/lax B — K/lax >

Moreover, considering the canonical F -category structure on the lax slice de-
scribed in Remark 2.2.5 (that is, the loose part of the laz slice is itself and its

*

tight part is given by the strict slice), T is an F -functor.

Proof. Given a morphism F': 4 — B in X, we define 7*F' as the upper morphism
of the chosen pullback square in X on the left below. Given then a morphism in

X fax B as in the middle below, we can lift the 2-cell in % on the right below

P
F*TJ/
A

Z a—="2 7 F*j - T
lT = 4—7"r— 3
5 N / N U“/

{7
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along the Grothendieck opfibration 7, producing the chosen cartesian 2-cell
Tra: TF = V: P — E (in the cleavage) with 7 oV = F' o a o F*r and
7% 7" = «a * F*r. Using then the universal property of the pullback P’ of
7 and F’ we can factorize V through 7*F”’, obtaining a morphism 7*a: P — P
We define 7"« to be the upper triangle in the following commutative solid:

P .

‘ N e
F*r T

q F

F

7

p T L F

AN

Jq/T>$

(F)'r
R
B
It is straightforward to check that 7* is functorial, since 7 is a split Grothendieck
opfibration. For this, remember that a cleavage is the choice of a left adjoint to
n.: ‘E — 7 /@, where the latter is the morphism induced by the identity 2-cell
on 7. Such a choice then determines the liftings of the Grothendieck opfibrations
(To—): K(X,E) — K (X, B) in Cat that we have for every X € X, by using
the universal property of 7 /@ (to factorize the 2-cells we want to lift). So notice
that taking (@,a): F — F' as above and (3,8): F' — F” in X /ux B we have

that the chosen cartesian lifting of 3 % (& o F*7) = (8% (F')*7) % 7*a needs to

coincide with 7/ % 7*av.

Given a 2-cell §: (@,a) — (B, B): F = F' in X f.x B, we define 7% to be the
chosen cartesian lifting of the 2-cell § x F*7 along the Grothendieck opfibration
(F")*7, where the latter has the cleavage induced by the cleavage of 7. Using then
that 7 is split, together with the definition of 2-cell in X /., 8 and the universal
property of the pullback P, we obtain that the codomain of 7%9 is indeed ;’%
and that 74 is a 2-cell in K fax & from 7%« to 7*6. It is then straightforward to
check that 7* is a 2-functor, using that (F’)*7 is split.

Finally, consider on both X f., @ and X /.« & the canonical F-category struc-
ture described in Remark 2.2.5. Since the lifting of an identity 2-cell through a
split Grothendieck opfibration is always an identity, then 7* is an ¥ -functor. [
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Theorem 2.4.3. Let 7: E — B be a split Grothendieck opfibration in Cat. Then
the F -functor
™ Cat f. g — Cat fi. ¢

has a strict right-semi-laz loose right F -adjoint.

As a consequence, by Theorem 2.3.10, T* preserves all the universal cartesian-

marked oplaz cocylinders for an F -diagram which have tight \-components.

Proof. We use Proposition 2.3.3 (universal mapping property that characterizes a
lax adjunction) to build a right-semi-lax right adjoint 7,: Cat f.. £ — Cot }.x B
to 7. We will generalize the ideas of the construction of a right adjoint to the
pullback between strict slices (see Conduché’s [13] and Palmgren’s [39]), using
that 7 is Conduché (being a Grothendieck opfibration). To suit the lax context,

we will fill the relevant triangles with general 2-cells.

So, given a morphism f: X — X’ in B, we will need to consider the following

pullbacks in Cat

(X)) —L £ () —L—E (X)L ) s E
I S e A A
ZT>£B Zﬁﬂﬂ 1 0>2 f>QS

Notice that 77!(X) is the fibre of 7 over X. Whereas 77!(f) has three kinds of
morphisms, namely the morphisms in £ over idx, those over idx, and those over

f: X=X\

Given a functor H: D — ‘E, we define 7, H as the projection on the first com-

ponent pry: H — B, where the category H is defined as follows:

an object is a pair (X, (@, a)) with X € B and (@, «) a morphism in Cat j,,

X)) —2— D
A
y
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a morphism (X, (&, a)) — (X', (E, B3)) is a pair (f, (®,®)) with f: X — X’ in B
and (C/IS, ®) a morphism in Cat /i,  as on the left below such that ®%0 = o

and dx1 =2
P —2— D
\—;%/
Vv H

So the only data of (CTD, ®) that are not already determined by its domain
and its codomain are the assignments of ® on the morphisms of 771(f)
that correspond to morphisms ¢g: £ — E’ in E over f: X — X' and
we have that such assignments produce a morphism in H precisely when
they organize into a functor ® such that for every g: F — E' in ‘E over

f: X — X’ the following square is commutative:

the identity on (X, (&, ) is the pair (idy, (@, id,)) determined by

ida(0 = 1,9) = a(g);

the composition of (f,(®,®)) and (f, (P, ®')) has first component f’ o f and
second component determined by sending g: F — E’ over X Iy xr Iy xr
to
(1= 2,02) 0 ®(0— 1,4)

where E 25 Z 25 F’ is a factorization of ¢ over X Iy x' Iy X7 obtained
by the fact that 7 is a Conduché functor. Notice that such assignment is
independent from the choice of the factorization because ® and ¢ need
to agree on any morphism (1 = 1, h), since the codomain of the former,
that equals the domain of the latter, determines their images. Moreover
it is immediate to check that this gives a morphism in H, pasting the two

commutative squares for g; and gs.
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It is straightforward to check that H is a category, and 7,H is then surely a

functor.

We define the counit € on H as the morphism in Cat 4, ¢

N—"— D
o,
T*T:R H
‘E

given by the evaluation, as follows. An object of Al is a pair (X, (a,«)), E)

with (X, (@,a)) € H and F € 771(X), whereas a morphism in A_ is a pair
((f,(®,®)), g) with (f, (P, ®)) a morphism in H and g: E — E' in E over f. We
define

en((X,(@,a)), E) = a(E)

i ((f, (2,)),9) = B0 — 1,9)

(€n)(x @) 0) = OF
Then &g is readily seen to be a functor, and ey is a natural transformation
thanks to the commutative square that a morphism in H needs to satisfy. No-
tice, however, that ey is not tight, so that we can only hope to obtain a loose

adjunction.

We prove that £y is universal in the lax sense. So take a functor F': 4 — B and

p_— 7,
\:v>/
T*F H

‘E

Wishing to obtain a right-semi-lax loose ¥ -adjunction, we search for a tight

a morphism in Cat i, ¢

morphism in Cat /i, @ as on the left below that satisfies the equality of diagrams

N——=D p_ T 9
e _ N
*IH e T™*F H
H
e o

(2.7)

on the right

\

4—"H P ‘

ki
3
NT A
™F
B

AN
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so that we can take A5, = id. Given a: A — A’ in A4, we have F(A) =
(F(A), (&) and 5(a) = (F(a), (&, @) with

TY(F(4) —— D 7 (F(a)) —"— D
x:_aﬁ% x:;{%/
E E

And given g: E — E’' in E over F(a): F(A) — F(A’), then (a,g9): (A, E) —

(A', E') is a morphism in . So we want to define

a(E) = en((A), E) = ea(T7(A, E)) = (A, E)

—

(0 —1,9) = Er(3(a), 9) = £a(T7(a, 9)) = 7(a, 9)
ap = (n) Gy, = (1) 7am) = Y48
Taking a morphism ¢': F — E' in 771 (F(A)),
a(g') = ida(0 = 1,¢) = E7(A(ida), ') = E(77(ida, ¢')) = F(ida, ¢')

It is straightforward to check that this defines a functor % as in the left part of
equation (2.7); % satisfies the equality in the right part of the same equation by

construction. Take then A5,y = id.

Given another morphism in Cat /i, 3

4a— 5 #H
F T H
B
and a 2-cell =: (7,7) = (€g,en) o (;*\5, 7*¢) in Cat /., £, we prove that there is
a unique 2-cell §: (7,id) = (£,€) in Cat /.y @ such that
(Eg,eg) * 770 0id = E. (2.8)
In order for § to be a 2-cell (7,id) = (E, £),
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Whereas the request of equation (2.8) translates as

(1

Eg 70 =

So, for every A € 4, the component d4: 7(A) — £ (A) needs to be the morphism

in ‘H with first component £4 and second component

e — A D

WA

E

given as follows. For every g: E — E’ over {4, factorizing ¢ as the cartesian
morphism Cart ({4, E') in the cleavage of the Grothendieck opfibration 7 over &4

to E followed by the unique induced vertical morphism gyer,

5400 = 1,9) = 04(1 =1, gyert) © 04(0 — 1, Cart (€4, E)) =

)

o~ o~

(A) (goere) © Z1 (50, Cart (€4, E)) = E(A) (guere) 0 57 ((7°6) 1) =

)

Iy

(A) (gvert) o E'A,E

It is straightforward to prove that d4 is a morphism in A and that ¢ is a nat-
ural transformation, using the uniqueness of the morphisms induced by cartesian

liftings. § is then a 2-cell in Cat f,, g such that
(Em,ep) xT"00id = =
by construction.

Considering (3,7) = (€7, en), we immediately see that we obtain £ = id, be-

cause (Eg,ey) is the evaluation.
Moreover, for every functor F': 4 — B and morphism in Cat ., ¢

?\?/Q)

we prove that

((%,7) 0 (En,en)) o idrep = (7,7). (2.9)
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id,«p = (Mg, id), that will be the unit 9, is such that, for every a: A — A’ in 4,
morphism ¢’ in 771(F(A)) and g: E — E’' in E over F(a): F(A) — F(4),

— —

TFAE) = (A E)  7r(A)(g) = (ida,g)
T@O0—1,0)=(a,9)  7r(A),=1id

Whereas for a general (12, v): G — H in (Cat fi,, ¢, the morphism

((D.0)0 Giren)) = (70, id)
will be the action of 7, on the morphism (@Z, ¥), and is such that @ acts by
postcomposing the triangles with ({D\, ¥). Thus equation (2.9) holds.

By Proposition 2.3.3, as A is always the identity, then 7, extends to an oplax
functor, that can be easily checked to be a 2-functor (it acts by postcomposition),
¢ extends to a 2-natural transformation, 7 extends to a lax natural transformation
and there exists a modification ¢ such that 7, is a right-semi-lax right adjoint to

7*. It is easy to check that t is the identity.

Since (7, 7) is always tight, then 7, is an F-functor and 7 has tight components.
It remains to show that 7 is loose strict/lax #-natural. Given a morphism in

Cat }. B

49— g
\:> /
the component on A € A of the structure 2-cell 7 ) is the morphism in the
domain of 7, 7*F” with first component 4: F'(A) — F'(6(A)) in B and second

component given by

n(a 0),A (0 —1 g) = 77 ( (A>>(gvert) = (idE(A)agvert) .
When (7, 0) is tight, so when the 2-cell o is the identity, then g = gyery because
7 has a normal cleavage, and we find 7 ) = id. Thus 7 is strict/lax F-natural.

We conclude that 7, is a strict right-semi-lax loose right #-adjoint to 7*. O]
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Remark 2.4.4. We have actually proved in Theorem 2.4.3 that 7, sends every
morphism in Cat . ¢ to a tight one in Cat .. B. So 7.: Cat },, ¢ — Cat f,. B
is still an ¥ -functor if we take the trivial F -category structure on the domain,
i.e. taking everything to be tight, and the canonical one in the codomain. Of
course, with such a choice of F-category structures, 7% remains an ¥ -functor
and 7 remains with tight components. But ¢ becomes tight, having now tight

components trivially.

So we find a strict right-semi-lax (tight) ¥ -adjunction between 7* and 7.. But
Theorem 2.3.10 does not add anything to the preservation of 2-colimits we have
already proved in Theorem 2.4.3, since it would consider strict/oplax F-colimits

in an F-category with trivial ¥ -category structure.

We now extend the result of preservation of 2-colimits that we have proved for
the 2-functor 7*: K fux B = K Jax £ when X = Cat (Theorem 2.4.3) to X =

[L°P, Cat| a 2-category of 2-dimensional presheaves.

Proposition 2.4.5. Let L be a small 2-category and let 7: ‘E — ‘B be a split
Grothendieck opfibration in [L°P, Cat]. Then the F -functor

T [Lopv Cat] /lax B — [Lopv Cllt] /lax r

preserves all the universal cartesian-marked oplax cocones for an ‘F-diagram

which have tight components.

Proof. Consider a marking W: 4°° — (Cat with 4 a small 2-category and an
F-diagram H: [W — [LP, Cat] f,. g (that is, a 2-functor that sends every
morphism of the kind (f,id) to a triangle filled with an identity). Let then

(: Al == [L, Cat] fi. g (H(—),C)

oplaxcart

be a universal cartesian-marked oplax cocone that exhibits C =
oplax®®*-colim®' H such that (4 ) is tight for every (4,X) € [W (which
means that it is a triangle filled with an identity). We want to prove that 7* o (

is universal as well, exhibiting 7*(C') = oplax®®-colim™! (7* o H).
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Since the ((4,x)’s are all cartesian, as they are tight, and 7* is an ¥ -functor, by
Theorem 2.1.21 (the domain 2-functor from a lax slice is a 2-colim-fibration), we
know that dom: [LP, Cat] /., £ — [LP, Cat] reflects the universality of 7* o (.
But the 2-functors (—)(L): [L°P, Cat] — Cat of evaluation on L € L jointly re-
flect 2-colimits (as 2-colimits in 2-presheaves are calculated pointwise). Therefore,
in order to prove that 7* o ( is universal, it suffices to show that, for every L € L,
the cartesian-marked oplax cocone (—)(L) o domo7* o { is universal. Notice now

that the diagram of 2-functors
[LoP, Cat] fo B —— [LP, Cat] fr £ 222 [LOP, Cat]

l()/: l()L l(—)(L)

Cat /lax @(L) — Cat /1ax Z:(L) dom Cat

(tr)

is commutative, where (—) is the #-functor that takes components on L, because
pullbacks in [L°P, Cat] are calculated pointwise and the components of the liftings
along 7 are the liftings of the components of 7. Indeed every component 7, of 7
is a split Grothendieck opfibration in Cat because 7o —: [LP, Cat] (v (L), E) —
[LP, Cat] (y(L), B) is so, taking on the former the cleavage induced by the lat-
ter. And since a cleavage for 7 is the choice of a left adjoint to n,: € — 7 /g
(where the latter is the morphism induced by the identity 2-cell on 7), the cleav-
ages determined on the Grothendieck opfibrations (7o —): [LP, Cat] (X, E) —
[L°P, Cat| (X, B) in Cat (by applying the universal property of 7 /@) are com-
patible.

We prove that domo(rz)" o (=) o ¢ is universal. We have that (=) o ( is
universal because it suffices to check that domo(—)z 0 = (—)(L) odomo( is so,
by Theorem 2.1.21, as ¢ has tight components and (—);, is an F-functor. And
dom preserves the universality of ¢ by Theorem 2.3.12 (thanks to the hypotheses),
while (—)(L) preserves every 2-colimit. Then domo(77)" o (=), o ¢ is universal
applying Theorem 2.4.3 and Theorem 2.3.12, thanks to the hypothesis and to the
fact that both (=) and (7)" are F-functors. O

We conclude extending again the result of preservation of 2-colimits for

7 Kfax B = Kfax £, to K endowed with a dense generator. For this, we
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will need to restrict to relatively absolute 2-colimits. But remember that any ob-
ject of K can be expressed as a relatively absolute 2-colimit of dense generators,
so that our assumption is not much restrictive in practice. We take Kelly’s [28,
Chapter 5] as the main reference for dense generators; we will recall them in

Section 3.1.

Theorem 2.4.6. Let J: L — K be a fully faithful dense 2-functor. Consider
7: ‘E — B a split Grothendieck opfibration in K. Then the F -functor

T 7(/lax B — iK/lax ‘E

preserves all the universal cartesian-marked oplax cocones for an F -diagram

which have tight components and whose domain is J-absolute.

Proof. Let A4 be a small 2-category and consider a marking W: 4°° — (Cat and
an F-diagram H: [W — XK j.x B. Let then

(: Al == K fio g (H(-),0)

Opl axecart

be a universal cartesian-marked oplax cocone that exhibits C =
oplax®®*-colim™ H such that (4 x) is tight for every (4,X) € [W. As
sume also that domo( is J-absolute, i.e. preserved by J: K — [LOP, Cat].
Notice that domo( is indeed universal by Theorem 2.3.12. We want to prove

that 7* o ¢ is universal as well, exhibiting 7*(C') = oplax®®*-colim®! (7* o H).

Since the ((4,x)’s are all cartesian (as they are tight) and 7* is an F-functor,
by Theorem 2.1.21, we know that dom: K f.x ¢ — X reflects the universality
of 7% o (. Moreover, by definition of dense functor, J is fully faithful and hence
reflects any 2-colimit; and the 2-functors (—)(L): [L°P, Cat] — (Cat of evaluation
on L € L jointly reflect 2-colimits. Therefore, in order to prove that 7" o ( is
universal, it suffices to show that, for every L € L, the cartesian-marked oplax

cocone (—)(L) o J o domor* o ¢ is universal.
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Notice now that the diagram of 2-functors

K fiox B - » K fox g ——— K
Vf/lax Vf/lax 7
[£P, Cat] fux J(B) (L, Cat] fuy J(E) = [LP, Cat]
(o ()L (-)(L)

Cat /lax j(@)(L) W) Cllt /1ax j(Z)(L) dom Cllt

is commutative, where J Jax 1s the F-functor that applies J on morphisms and
triangles. Indeed % (J(L), —) preserves pullbacks, and since a cleavage for 7 is
the choice of a left adjoint to n,: E — 7 /g, the cleavages determined on the
Grothendieck opfibrations (7 o —): [L°P, Cat] (X, E) — [LP, Cat] (X, B) in Cat
(by applying the universal property of 7 /@) are compatible.

We prove that dom o (7 o —)*o(—)Loj/laX o( is universal. We have that j/lax o( is
universal, since it suffices to check that dom oJ Jax © C is so, by Theorem 2.1.21,
as ¢ has tight components and J Jax 1s an F-functor. And dom o Jax ©C =
J o dom o( is universal because dom o( is J-absolute by hypothesis. Then (=)L
preserves the universality of J Jax © ¢ because domo(—);, = (—)(L) o dom does
so. Finally, we obtain that domo(r0—)"o (=)0 J Jax © C is universal applying
Theorem 2.4.3 and Theorem 2.3.12, thanks to the hypothesis and to the fact that
j/lax , (=) and (7 0 —)" are all F-functors. O



3. 2-classifiers via dense

generators

This chapter is based on the first half of our [37].

The notion of 2-classifier has been proposed by Weber in [51]. It is a 2-categorical
generalization of the concept of subobject classifier and thus the main ingredient
of a 2-dimensional notion of elementary topos. In [51], Weber proposes as well
a definition of elementary 2-topos. Although 2-dimensional elementary topos
theory is still at its beginning, we believe it has a great potential. Indeed, for
example, elementary 2-topoi could pave the way towards a 2-categorical logic and
offer the right tools to study it. We believe they could also be fruitful for theories

of bundles in geometry.

In this chapter, we contribute to expand 2-dimensional elementary topos theory.
We substantially reduce the work needed to prove that something is a 2-classifier.
This will allow us, in Chapter 5, to present the main part of a proof that Grothen-
dieck 2-topoi are elementary 2-topoi. Weber’s idea for 2-categorical classifiers is
that, moving to dimension 2, one can and wants to classify morphisms with higher
dimensional fibres. So monomorphisms (or subobjects) are upgraded to discrete
opfibrations in a 2-category, which have been introduced by Street in [41]. In-
terestingly, a 2-classifier can also be thought of as a Grothendieck construction
inside a 2-category. Indeed the archetypal example of 2-classifier is given by the
category of elements (or Grothendieck construction), that exhibits the 2-category
Cat of small categories as the archetypal elementary 2-topos. We introduce the

notion of good 2-classifier in Definition 3.1.12, which captures well-behaved 2-
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classifiers. The idea is to keep as classifier a morphism with domain the terminal
object, and upgrade the classification process from one regulated by pullbacks
to one regulated by comma objects. Good 2-classifiers are closer to the point of
view of logic, as they can still be interpreted as an object of generalized truth
values together with a chosen “true”. Moreover, a classification process regulated
by comma objects is sometimes more natural and easier to handle. We also ask
good 2-classifiers to classify all discrete opfibrations that satisfy a fixed pullback-
stable property P. In our examples, such a P will be the property of having small
fibres. Of course, the construction of the category of elements, hosted by Cat, is
a good 2-classifier, classifying all discrete opfibrations (in Cat) with small fibres.
A problem with 2-classifiers is that it is quite hard and lengthy to prove that

something is a 2-classifier.

We prove that both the conditions of 2-classifier and what gets classified by a
2-classifier can be checked just over the objects that form a dense generator. So
that the whole study of a would-be 2-classifier is substantially reduced. We also
give a concrete recipe to build the characteristic morphisms (i.e. the morphisms
into the universe that encode what gets classified). This is organized in the three
Theorems 3.2.2, 3.2.5 and 3.2.8; see also Corollaries 3.2.10 and 3.2.11. Dense
generators capture the idea of a family of objects that generate all the other ones
via colimits in a nice way. The preeminent example is given by representables in
categories of presheaves. To have a hint of the benefits offered by our theorems of
reduction to dense generators, we can look at the case of Cat. We have that the
singleton category alone forms a dense generator of Cat. All the major properties
of the Grothendieck construction are hence deduced from the trivial observation
that everything works well over the singleton category (Example 3.2.13). The
proof of our theorems of reduction to dense generators uses our calculus of colim-
its in 2-dimensional slices, developed in Chapter 2. Recall that such calculus
generalizes to dimension 2 the well-known fact that a colimit in a 1-dimensional
slice category is precisely the map from the colimit of the domains of the diagram
which is induced by the universal property. The calculus is based on the reduc-

tion of weighted 2-colimits to cartesian-marked oplax conical ones (Section 1.1),
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and on ¥ -category theory (recalled in Section 2.2).

In Chapter 5, we will apply our theorems of reduction of the study of 2-classifiers
to dense generators to the cases of 2-presheaves, i.e. prestacks, and stacks. Our
theorems will offer great benefits there, as they allow us to consider the classific-
ation just over representables. We start looking at this in Section 3.3. Yoneda
lemma determines up to equivalence the construction of a good 2-classifier in
prestacks that classifies all discrete opfibrations with small fibres. We explain how
this involves discrete opfibrations over representables, which offer a 2-categorical
notion of sieve. Exactly as sieves are a key element for the subobject classifier in
presheaves, the 2-dimensional generalization of sieves described above is a key ele-
ment for the 2-classifier in prestacks. The only problem, described in Section 3.3
is that taking discrete opfibrations over representables only gives a pseudofunctor
2 which is not a 2-functor and that a priori only lands in large categories. Such

a problem will be solved by the work of Chapter 4; see also Section 3.3.

Outline of the chapter

In Section 3.1, we recall 2-classifiers (3.1.1) and dense generators (3.1.2). We also

introduce good 2-classifiers (Definition 3.1.12).

In Section 3.2, we present a reduction of the study of a 2-classifier to dense

generators (Theorems 3.2.2, 3.2.5 and 3.2.8; see also Corollaries 3.2.10 and 3.2.11).

In Section 3.3, we look at the possibility to apply our theorems of reduction
to dense generators to produce a good 2-classifier in prestacks that classifies all
discrete opfibrations with small fibres. We find a problem that will be solved by
the work of Chapter 4.

Notations

Recall the size notations fixed in the Notations chapter (right after the Introduc-

tion).
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Throughout this chapter, we fix an arbitrary 2-category L with pullbacks along
discrete opfibrations (see Definition 3.1.2), comma objects and terminal object.
We also fix a choice of such pullbacks in £ such that the change of base of an iden-
tity is always an identity. Following the proofs, it will be clear that some results of
this chapter involving 2-classifiers a la Weber work also without assuming comma
objects, and that some results involving good 2-classifiers (see Definition 3.1.12)

work also without assuming pullbacks along discrete opfibrations.

3.1. Preliminaries

In this section, we recall some important concepts and results that we will
use throughout the chapter. These include 2-classifiers and dense generators.

Moreover, we introduce the notion of good 2-classifier (Definition 3.1.12).

In 3.1.1, we recall the notion of 2-classifier. Weber’s idea (in [51]) is that a 2-
classifier should be a discrete opfibration classifier. The definition of opfibration
in a 2-category is due to Street [41], in terms of pseudo-algebras for a 2-monad.
It is known that opfibrations in a 2-category can be equivalently defined by rep-
resentability, as in Weber’s [51]. In Definition 3.1.12, we introduce the notion of

good 2-classifier.

In 3.1.2, we briefly recall from Kelly’s [28, Chapter 5] (2-categorical) dense gen-
erators and the preeminent example of representables in 2-presheaves. The idea
is that every object of a 2-category can be written as a nice colimit of a small

family of objects.

3.1.1. 2-classifiers

Weber’s idea is to define 2-classifiers by looking at the following well-known equi-

valent definition of subobject classifier.

Definition 3.1.1. Let ‘E be a category. A subobject classifier is a monomorphism
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1: I — € in ‘E such that for every I’ € E the function
Gi7FZ Homg (F, Q) — Sub (F)

given by pulling back 7 is a bijection, where Sub (F') is the set of subobjects of
F. When this holds, I is forced to be the terminal object of E.

Towards a notion of 2-classifier, Weber proposed in [51] to upgrade the concept
of monomorphism to the one of discrete opfibration. The idea is that, moving to
dimension 2, i.e. increasing by 1 the dimension of the ambient, we want to increase
by 1 also the dimension of the fibres of the morphisms to classify. While injective
functions have as fibres either the singleton or the empty set, discrete opfibrations
have as fibres general sets. Exactly as the notion of injective function extends
to the one of monomorphism in any category, the notion of discrete opfibration
extends to the one inside any 2-category. This idea is closely connected with that
of homotopy level in Voevodsky’s univalent foundations, see [46, Chapter 7] and

Voevodsky’s [49].

Exactly as Set is the archetypal elementary topos, Cat needs to be the archetypal
elementary 2-topos. And Cat hosts indeed a nice classification of discrete opfibra-

tions, given by the category of elements (or Grothendieck construction).

Definition 3.1.2 (Street [41], Weber [51]). A morphism s : G — F in L is a
discrete opfibration in L (over F) if for every X € L the functor

L(X,G) == L(X,F)

induced between the hom-categories is a discrete opfibration in Cat.

We denote as DOpFib, (F) or just as DOpFib(F) the full subcategory of
the strict slice L/ on the discrete opfibrations over F. That is, a morphism
between discrete opfibrations s: G — F and s': G’ — F is a morphism G —
G’ that makes the triangle with s and s’ commute. Given P a pullback-stable
property for discrete opfibrations, we denote as DOp Fib P(F ) the full subcategory
of DOpFib (F) on the discrete opfibrations that satisfy P.
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Remark 3.1.3. By definition, a discrete opfibration s: G — F'in L is required
to lift every 2-cell 0: s o a = b to a unique 2-cell 9" a= 0.a. We can draw the

following diagram to say that sof,a = b and s+ 8" = 6.

Remark 3.1.4. Discrete opfibrations in L are stable under pullbacks. Indeed
L (X, —) preserves pullbacks (as it preserves all limits, because it is a represent-

able) and discrete opfibrations in Cat are stable under pullbacks.

Remark 3.1.5. Applying Definition 3.1.2 to L = (Cat, we obtain a notion that
is equivalent to the usual one of discrete opfibration. This is essentially because
for L = (Cat it suffices to require the above liftings for X = 1. We are then able
to lift entire natural transformations € componentwise. In Proposition 4.2.5, we

will extend this idea to the case of 2-presheaves (i.e. prestacks).

Proposition 3.1.6. Let p: E — B be a discrete opfibration in L. For every
F € L, pulling back p extends to a functor

Gpr: L(F,B) — DOp¥ib (F).

Proof. Given a morphism z: F' — B in L, consider the chosen pullback in L

G* —=— F
-
szl lp

We define G, r(z) to be s*, which is a discrete opfibration in £ by Remark 3.1.4.

Given a 2-cell a: z = 2': F' = B, we induce G, r(a) by lifting the 2-cell

z

G5 F " |« B
~_

Zl
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to z along the discrete opfibration p. We obtain a unique 2-cell

such that pov = 2/ 0 s* and pa = as*. We define G, p(«) to be the morphism
from G* to G* induced by s* and v via the universal property of the pullback
G#'. We may represent this with the following diagram:

z

Gorlg) o
szl ’ g GZ z

)

|

\

5

E
i -
F p
S~ B

J

Z/

It is straightforward to show that G, r is a functor, using the universal property
of the pullback and the uniqueness of the liftings through the discrete opfibration
P. ]

Notation 3.1.7. Given a morphism z: F' — B in L, we will denote as G . or
just as G* the domain of the discrete opfibration G, r(z). We will also often draw
the action of G, r on morphisms as in the diagram of equation (3.1). Sometimes,

we will denote the functor G, r as G,.

We will also need the following result from our joint work with Caviglia [12]. It

is a particular case of a proposition that we will report in Proposition 4.2.9.

Proposition 3.1.8 ([12|, Proposition 4.2.9). The assignment F € L —
DOpFib (F) € CAT extends to a pseudofunctor

DOpFib (—) : L — CAT.

Moreover this restricts to a pseudofunctor Q)Opfiﬁp(—) that sends F
DOpFib" (F).

Proof. (Definition of the assignment). On the underlying category of L°P we
define DOpFib (—) as the restriction of the pseudofunctor given by the pullback
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(thanks to Remark 3.1.4). So, given a morphism H % F in L, we define

DOpFib (y) = y*: DOpTFib (F) — DOpFib (H)

Givena2-cella: y = y': H — F in L, we define DOpFib (o) = o*: y* — (y/)" as
the natural transformation whose component on a discrete opfibration s: G — F'

in Lis Gy pu(o). O

Proposition 3.1.9. Let p: E — B be a discrete opfibration in L. The functors

G, r are pseudonatural in F € L.

Proof. The proof is straightforward, using the universal property of the pullback
and the uniqueness of the liftings through a discrete opfibration. n

Definition 3.1.10 (Weber [51]). A 2-classifier in L is a discrete opfibration
p: E— B in L such that for every F' € L the functor

Gpr: L(F, B) = DOp¥ib (F)

is fully faithful.

In that case, we say that a discrete opfibration s: G — F in L is classified by p (or
that p classifies s) if s is in the essential image of G, r, and we call characteristic

morphism of s a morphism z: F' — B such that G, p(z) = s.

Remark 3.1.11. While Definition 3.1.1 asks for a universal monomorphism,
Definition 3.1.10 asks for a universal discrete opfibration. The classification pro-
cess is kept to be regulated by pullbacks. The condition to have a bijection is
upgraded in dimension 2 to ask G, r to be an equivalence of categories with its
essential image. Notice that Definition 3.1.10 allows for a classification of a smal-
ler class of discrete opfibrations. In dimension 1, this idea brought for example

to the concept of quasitopos.

However, Definition 3.1.1 loses the interpretation of the subobject classifier as
picking “true” inside an object of generalized truth values. Indeed the domain

of a 2-classifier is not forced at all to be the terminal object. In order to keep
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such point of view, which is useful for categorical logic, we propose to upgrade
the 1-dimensional classification process, which is regulated by pullbacks, to one
regulated by comma objects. This is slightly less general than Definition 3.1.10,

but with better properties (see the following two remarks).

Definition 3.1.12. Let P be a fixed pullback-stable property P for discrete op-
fibrations in L. A good 2-classifier in L (with respect to P) is a morphism
w: 1 — Qin L such that for every F' € L the functor

G..r: L(F,Q) — DOpFib (F)

given by taking comma objects from w is fully faithful and forms an equivalence
of categories when restricting the codomain to DOp Fib P(F ). (In particular, we

are asking that éth lands in DOpFib" (F)).
In the following two remarks, we show that §w7 r is indeed a functor which lands in
DOpFib (F) and that good 2-classifiers are 2-classifiers enjoying better properties.

Remark 3.1.13. Taking comma objects from w is equivalent to pulling back the

lax limit 7 of the arrow w, which serves as a replacement.

G — 1 G > > 1
_l
?w,F(Z)J/ %omm\kw - gTF(Z)l TJ %mmiw

Moreover, by Weber’s [51], the span with vertex €2, formed by 7 and the map to
1 is a bisided discrete fibration. And we get that 7 is a discrete opfibration. (In
L = (Cat, it is also known that such a 7 is the free opfibration on the functor w.)
Explicitly, the lifting of 6: 7 0o a — b to a is calculated by applying the universal
property of the comma object. Indeed 6,a is induced by

X —2=Q, y 1
N
b

Q ===

and °: a = 6.a is then induced by the pair of 2-cells formed by the identity
(between X and 1) and 6 (between X and ().
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By Remark 3.1.4, it follows that /Q\MF lands in DOpFib (F). Moreover, éw,F
lands in Q)Opfiﬁp(F) if and only if 7 satisfies P. It is easy to see that, up to
choosing appropriate representatives of the comma objects, éw, r = G;r. Sothat

if w is a good 2-classifier, 7 is a 2-classifier.

Remark 3.1.14. Good 2-classifiers enjoy better properties than 2-classifiers.
They are closer to the point of view of categorical logic, as they can still be
thought of as the inclusion of “true” inside an object of generalized truth values.
Moreover, a classification process regulated by taking comma objects from a
morphism that has the terminal object as domain is sometimes easier to handle.
As an example, the assignment of /g\w,p on morphisms is just induced by the
universal property of the comma object, while for G, r, in Proposition 3.1.6, we
had to consider liftings along a discrete opfibration. Using good 2-classifiers rather
than 2-classifiers will be very useful for us in Section 5.2. Indeed, we will restrict
2-dimensional classifiers to nice sub-2-categories via factorization arguments, and

factorizing good 2-classifiers is much easier than factorizing general 2-classifiers.

We also notice that a classification process regulated by comma objects offers
another justification for the idea of upgrading subobjects to discrete opfibrations.
Indeed discrete opfibrations are what gets produced by taking comma objects

from a morphism that has the terminal object as domain.

In our examples, P will be the property of having small fibres. In some sense, our
good 2-classifiers will classify “all possible morphisms”, as the éw, F’s are required

to be equivalences of categories.

Example 3.1.15. (Cat is the archetypal example of 2-category endowed with a
(good) 2-classifier. Consider indeed w = 1: 1 — Set. For every B € (at, the
functor

Go.s: Cat (B, Set) — DOpFib (B)

is precisely the Grothendieck construction (or category of elements). It is well-
known that this forms an equivalence of categories when restricting the codomain

to be the full subcategory DOpFib"(B) of DOpFib (B) on the discrete opfibra-
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tions with small fibres. So that 1: 1 — Set is a good 2-classifier in Cat.

E—— 1
vp
disc opfib / 1
small fibres comma
taking fibres

Notice that the lax limit of the arrow w is given by the forgetful functor 7: Set, —

Set from pointed sets to sets.

Remark 3.1.16. In light of this archetypal example, we can think of a 2-classifier

as a Grothendieck construction inside a 2-category.

Notation 3.1.17. We will often write as 7: 2, — 2 any 2-classifier or would-be

2-classifier, having in mind the archetypal example of Cat.

Remark 3.1.18. Upgrading monomorphisms to discrete opfibrations, one could
try to upgrade Sub (F') to a category of isomorphism classes of discrete opfibra-
tions over F. It is possible to form such a category and almost the entire reduction
to dense generators of the study of 2-classifiers would equally work (if accordingly
adjusted). However, there is one point, in Theorem 3.2.5, that does not seem to
work well with this choice. We will give more details in Remark 3.2.6. We believe

it is more natural and fruitful to work without isomorphism classes.

3.1.2. Dense generators

In Section 3.2, we will reduce to dense generators the study of 2-classifiers. Here
we briefly recall what a (2-dimensional) dense generator is. The main reference

we take for this is Kelly’s [28, Chapter 5.

The basic idea behind the concept of generator of a 2-category L is that of a
family of objects that builds all the objects of L via weighted 2-colimits.

Definition 3.1.19. A fully faithful 2-functor I: X — L is a naive generator if

every F' € L is a weighted 2-colimit in L of a diagram which factors through X.
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Definition 3.1.20 ([28, Chapter 5]). A 2-functor I: Y — L with ) small is a

dense generator (or also just dense) if the restricted Yoneda embedding
[: L — [y, Cat]
F — L(I(-),F)
is (2-)fully faithful.
Remark 3.1.21. Of course the Yoneda embedding is fully faithful. And we may
interpret this by saying that considering all morphisms from any object into F' we

get the whole information of F'. The idea of a dense generator is that morphisms

with source in a smaller family of objects are enough.

Definition 3.1.22. Let I: Y — L be a 2-functor. A weighted 2-colimit in L is
called I-absolute if it is preserved by I: £ — [V°P, Cat].

When I: )Y — L is fully faithful, we can characterize density of I in terms of

weighted 2-colimits in L.

Theorem 3.1.23 ([28, Theorem 5.19)). Let I: Y — L be a fully faithful 2-functor

with Y small. The following are equivalent:
(1) I is a dense generator;

(11) every F' € L is an I-absolute weighted 2-colimit in L of a diagram which
factors through Y.

Remark 3.1.24. We can thus interpret density of a fully faithful 7: Y — L as
the request that all objects of L are nice weighted 2-colimits of objects of ). So

this is stronger than being a naive generator.

Example 3.1.25. Let C be a small 2-category. The Yoneda embedding y: C —
[C°P, Cat] is a dense generator. That is, representables form a dense generator of
the 2-category of 2-presheaves. Indeed it is well-known that every 2-presheaf is
a weighted 2-colimit of representables, weighted by itself. And y-absoluteness is

automatic as y is essentially the identity.

In particular the singleton category 1 is a dense generator of Cat.
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3.2. Reduction of 2-classifiers to dense

generators

In this section, we present a novel reduction of the study of a 2-classifier to dense
generators. This is organized in the three Theorems 3.2.2, 3.2.5 and 3.2.8. More
precisely, we prove that all the conditions of 2-classifier (see Definition 3.1.10)
can just be checked on those objects F' that form a dense generator (see Defini-
tion 3.1.20). The study of what is classified by a 2-classifier is similarly reduced
to a study over the objects that form a dense generator. We also give a concrete

recipe to build the characteristic morphisms.

This result offers great benefits. For example, applied to Cat, it reduces all the
major properties of the Grothendieck construction to the trivial observation that

everything works well over the singleton category (see Example 3.2.13).

In Chapter 5, we will apply our theorems of reduction to dense generators of this
section to the cases of prestacks and stacks; see also Section 3.3. This will allow
us to find a good 2-classifier in 2-presheaves that classifies all discrete opfibrations

with small fibres, and to restrict it to a good 2-classifier in stacks.

Throughout this section, we fix a discrete opfibration 7: 2 — €2 in L. Recall

from Definition 3.1.10 that 7 is a 2-classifier if for every F' € L the functor
Grr: L(F,Q) — DOpFib (F)

is fully faithful. And that, provided that this is the case, the essential image of

such functors precisely represents which discrete opfibrations are classified.

The following proposition will often be useful.

Proposition 3.2.1. Let p: E — B be a discrete opfibration in L. For every pair
of composable morphisms H % F = B in L, the pseudonaturality of Gp.— (see

Proposition 3.1.9) gives isomorphisms

Gp(20Y) 2y Gyr(2) = Gg, p(2).1(Y), (3.2)
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where y* is the functor DOpFib (y) defined in the proof of Proposition 3.1.8.

Moreover, given a diagram

i L, the isomorphisms above form the following two commutative squares:

Gor(z0Yy) —— GG, n(2),11(Y) Gpr(z0y) —=— Gg, v(»).1(y)
GP,H(ZO‘)J/ lggp,F(z),H(Oé) gp,H(/By)J/ ly*gp,F(ﬂ)
Gou(z0Y) —== GG, w21 (Y/) Gou (2 0y) —=— Gg, w1 (y)

Proof. The proof is straightforward. The first square is given by the 2-dimensional
part of the pseudonaturality of G, _ applied to the 2-cell o, whereas the second

square is given by the naturality in z of the isomorphisms of equation (3.2). [

We now present the first of our three theorems of reduction to dense generators.
This reduces the study of the faithfulness of the functors G, p. Such first theorem
is much easier than the other two and actually works with any naive generator

(Definition 3.1.19).

We also notice that injectivity on objects of the functors G, r can be reduced in

a similar way, although this is less interesting for us.

Theorem 3.2.2. Let Y be a full sub-2-category of L. If for everyY € Y
Gry: L(Y,Q)— DOpFib(Y)

1s faithful, then for every F in the closure of Y in L under weighted 2-colimits,
Grr: L(F,Q) — DOpFib (F)

1s faithful.

In particular, if Y is a naive generator of L and G,y 1is faithful for everyY € Y,
then G, r is faithful for every F' € L.
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Proof. Let K: T — L be a 2-diagram which factors through ) and has a weighted
2-colimit F'in L, with weight W : Z°° — Cat. Call A: W = L (K(—), F) the

universal cocylinder of such colimit.

In order to prove that G, r is faithful, take two arbitrary 2-cells in £

F~la?Q and F~ o Q
\_//f \_//f

such that G, p(a) = Gr.p(a/): G — G¥. We prove that o = o'

As F = colim"' K with universal cocylinder A, it suffices to show that the two

modifications

and (ao/ x —)A are equal, as we then conclude by the (2-dimensional) universal

property of the weighted 2-colimit F'.

It then suffices to prove that, given arbitrary i € Z and X € W (i),
K@) =2 F a0 | = | K@ 3 F 0
\_//r \_//,

But as K (i) € Y and G, k(; is faithful by assumption, it then suffices to show
that

Gr.xcy (@ Ai(X)) = Grici) (0" Ai(X)) (3:3)
By Proposition 3.2.1, we can write G, g (@ A;(X)) as the composite

Ai(X)*(Grp()) A

Gr.x(iy (200i(X)) = Mi(X)" (Grp(2)) (X)) (Grr(2) = Grm(2oAi(X)

and analogously for o/. Since such composites for o and for o/ are equal, we

conclude that equation (3.3) holds. O

Remark 3.2.3. In order to prove our second and third theorems of reduction to
dense generators, we apply our calculus of colimits in 2-dimensional slices, that

we explored in Chapter 2.
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We first need to compare, given p: £ — B a discrete opfibration in £, the 2-

functor dom oG, r with dom op*, where

P Lhx B~ Lfax E
is the change of base between lax slices introduced in Proposition 2.4.2.

For every z: FF — B in L,

dom(p*z) = dom(G, r(2)).

Given (id,@): z = 2/ in L f.x B, which is just a: 2 = 2/: F — B, we have that

dom(p*(id, @)) = dom(G, r())

by comparing the diagram of equation (3.1) with the similar one in the proof of

Proposition 2.4.2.

Given a general (@, a): z — 2/ in L /., B, we can still express dom(p*(@, o)) =
p*a in terms of dom (G, (a)). Indeed consider the total pullback R of p with the
composite z’ o & and the composite pullback S as below

Go(z')"@ rpe

S s G7 s B

- _
Ggp (= (@) gp(z’)l P
F s F s B

Call 7 the induced isomorphism between R and S. Comparing again the diagrams

of equations (3.1) and of the proof of Proposition 2.4.2, we obtain that
dom(p"(@, ) = Gp,r(z)"0 0 i 0 dom(G, r(c))

The following construction will be useful to prove our second and third theorems
of reduction to dense generators. It is based on our calculus of colimits in 2-

dimensional slices, explored in Chapter 2.

Construction 3.2.4. Let I: Y — L be a fully faithful dense generator of L,
and let F' € L. By Theorem 3.1.23, there exist a 2-diagram J: Z — L which
factors through Y and a weight W: Z°° — (Cat such that

F = colim" J
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in £ and this colimit is [-absolute. By Theorem 1.1.22, the 2-diagram K =
JoG(W): [W — L factors through Y and is such that

F = oplax®®* -colim®! K.
Moreover this colimit is still 7-absolute by Proposition 1.1.24. Call

A: Al —— L(K(-), F)

Oplaxcart

the universal cartesian-marked oplax cocone that presents such colimit.

Consider now a discrete opfibration p: £ — B in L, a morphism z: F' — B and

the chosen pullback in L

GZLE

|
gP,F(z) p

We want to exhibit G* as a cartesian-marked oplax conical colimit of a diagram

constructed from K and A.

By Theorem 2.1.21, we can construct from K and A a 2-diagram K, =

K': [W — L j.x B and a universal cartesian-marked oplax cocone A, = A’

which exhibits

F oplax®t -colim™! K AL
1z = 1 = oplax®* -colim~' K’
B B

in the lax slice L /., g. Explicitly, K’ is the 2-diagram that corresponds to the

cartesian-marked oplax cocone

N Al =—— £ (K(~), B) : (fw)op — Cat

Oplaxcart

associated to z. That is,

K': fW — ZE)xB

(C, X) K(C,X) 7 g (D, x7)
Low . L
(D, X') o™ B /(D’X')

J > F(9)
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Considering the canonical F-category structure on [W, with the tight part given
by the morphisms of type (f,id), we have that K’ is an F-diagram.

The universal cartesian-marked oplax cocone A’ has component on (C, X) given

by the identity filled triangle (which is thus a tight morphism in £ /.« B)

A
K(C, X) <X

*?c,x 5 /

Then A, = Ay, for every morphism (f,v) in Jw.

F

By Theorem 2.4.6, the 2-functor

P LhxB—Llx E

preserves the colimit z = oplax®®-colim”!' K, since K’ is an F-diagram, A’
has tight components and the domain of such colimit is F' = oplax®® -colim“! K,
which is J-absolute. Then by Proposition 2.3.14 (and Theorem 2.3.12) the domain
2-functor dom: L .. p — L preserves the latter colimit p*(z), since p* is an F-
functor. We obtain that dom op*o A’ is a universal cartesian-marked oplax cocone
that presents

G* = oplax®"* -colim™! (dom op* o K').

Explicitly, given (D, X") RLZ (C,X) in [W, we have that dom (p*(A’(aX))) is
the unique morphism into the pullback G* induced by

Q(C,X) p*K'(C,X)

| S e Pz E
K'(C,X
Gp(K'(C,X) 6.(2)
_ | K@©Xx) |p
K(C,X)
Aex)* F—— B

Then dom (p*( }V)) is the unique lifting along the discrete opfibration G, r(z)
of the 2-cell As, * Gy r(c,x) (K'(C, X)) to dom (p*(Afg y)))-

Notice that in particular this construction can be applied to z = idp, exhibiting

the domain of any discrete opfibration over F' as a cartesian-marked oplax conical
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colimit (starting from K and A). Remember that we chose pullbacks in £ such
that the change of base of an identity is always an identity. Notice also that,
given z: F' — B,

/\Z:(ZO—)O)\id
Whence we can express the F-functor K’ constructed from z in terms of the one

constructed from id:

K. =(z0-)0Kj

Then the components and the structure 2-cells of A, and Al; have the same

domains, which determine them.

We now present the second of our three theorems of reduction to dense generators.
This reduces the study of the fullness of the functors G, p, provided that we

already know their faithfulness. Indeed such a theorem builds over Theorem 3.2.2.

Theorem 3.2.5. Let [: Y — L be a fully faithful dense generator of L. If for
every Y € Y
Griovy: LI(Y), Q) — DOpFib (1(Y))

is fully faithful, then for every F € L also
Grr: L(F,Q) — DOpFib (F)

15 full, and hence fully faithful by Theorem 3.2.2, so that T is a 2-classifier in L.

Proof. Let I' € L; we prove that G, is full. Consider then two morphisms
2,2t F — Qin L and a morphism h: G, r(z) = G, (') in DOpFib (F). We
search for a 2-cell a: z = 2/ F' — ) such that G, p(o) = h. The idea is to write
F as a colimit and define a by giving its “components”, which we can produce

by the fullness of the functors G; (y) with the Y’s in ) that generate F.

By Theorem 3.1.23, Theorem 1.1.22 and Proposition 1.1.24, there exists a 2-
diagram K : f W — L which factors through ) and a universal cartesian-marked

oplax cocone

A: Al =— L (K(-), F)

Oplaxcart
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that exhibits F' as the I-absolute cartesian-marked oplax conical colimit of K.

F = oplax®®* -colim®! K

Then, in order to produce «, it suffices to give a modification

(zo—)oA

Given (C,X) € /W, we will have that
A /E\
K(C,X) 9% p Q| =
(07 ) \l}//, G(C,X)

So, we will need to have that

Grxcx)(0cx) = Grrex)(ahex))

and, by Proposition 3.2.1 and the request that G, (o) = h, the right hand side

of such equation is equal to the composite

N \ Aex)* (h) . N
Grxc.x) (20N, x) = Aox)" (Grr(2) = Acx)" (Grr(2) = Grxiex) (7oA x))

Call h®X such composite morphism in DOpFib (K (C, X)). Since K(C,X) € Y,
the functor G, k(c,x) is fully faithful by assumption, and hence there exists a

unique 2-cell
ZOA(C,X)

ZIOA(C7X)

in £ such that G, gc,x)(79*) = h%*. We define the component ¢ x) of 6 on
(C, X) to be such 2-cell ~v¢X . The faithfulness of the functors G-k (c,x) guarantees
that # becomes a modification. Indeed, given a morphism (f,v): (D, X’) —

(C,X) in [W, we need to prove that

Z/OA(C’,X) Z/OA(C’,X)
/\) /ﬂ\)
1 L(K(C,X),Q) 1 9cx) L(K(C,X),Q)
A% S~
Fohp yry | oK)= ohox —oK (f.v)
/‘ﬂ*—\ ZA(f,u)
1 0pxn L(K(D,X"),Q) 1 L(K(D,X'"),Q)

20M(p,x7) z0A(p,x7)
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But since G k(p,x) is faithful, it suffices to prove that

Gric(0.x) (2 Mgy 007 = Gr o, xn (Biex) K (f, v) 0 2 (1)

and hence that

Gk (0.x) (Z M) 0 Groc(p.xn (077) = Grxo.x) (0cx) K (f, )0 Gricp.x) (20(1))

At this point, it is straightforward to see that such equality is given by the natur-
ality square of DOpFib (A(s.)) (see Proposition 3.1.8) obtained considering the
morphism h: G, p(2) = G, p(2') in DOpFib (F). For this, one needs the pseud-
onaturality of G,_ (Proposition 3.1.9), the equation G, k¢, x)(0cx)) = kCX
and the analogous one for (D, X’), together with both the squares of Propos-

ition 3.2.1. The square on the right of Proposition 3.2.1 allows us to calculate

G- K(D.x") (0((;7 xK(f, V)), whereas the square on the left allows us to compare the

components of DOpFib (A(fyy)) on Grr(:) and Gr () with gT,K(QX/)(ZA(f’,,))

and the analogous one with 2’ instead of z.

Thus we conclude that @ is a modification, and by the universal property of the

colimit F' we obtain an induced 2-cell F ~ [o = Q in L. It remains to prove
\_/r

Z/

that gT,F(OO = h.

The idea is to conclude such equality by using the uniqueness part of the universal
property of a colimit. As G, r(a) and h are morphisms G, r(z) — G, r(Z) in
DOpFib (F), both are totally determined by a morphism in £ from G* to G
we call respectively G, p(«) and h such morphisms in L. By Construction 3.2.4,

applied to z = idp,
G* = oplax®" -colim™! (dom 0 G, p(2)* o K'),

presented by the universal cartesian-marked oplax cocone dom oG, p(z) o', with

A and K’ constructed from A and K as in Construction 3.2.4.

Then, in order to conclude that G, p(a) and h are equal, it suffices to show that

(Grr(a)o—)odomoG, p(z)" o A'=(ho—)odomoG, r(2)" o A (3.4)
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as cartesian-marked oplax natural transformations. And the last part of Con-
struction 3.2.4 gives us an explicit calculation of domoG, p(2)" o A’ in terms of

A. Precisely, given an arbitrary morphism (D, X') +— i) (C,X)in [W,

dom(gﬂF(Z) ( cx))) g‘r () ( C'X))

and dom (Grp(2)"(A},)) is the unique lifting of the 2-cell Ay, x
GG. r(2),K(C,X) (A(cx)) to G- p(2)" (A(C,X)) along G, r(z). We now notice that

the following two squares are commutative:

A(C,X) GT,F(Z)*(A(C,X)) GZ GA(CVX) GT,F(Z)*(A(C,X))

Grr().K(C,X) Gr. 0 (2), K (C.X) G

A(C,X)*(g-r,F(a))l JGT,F(G) A(C,X)*(h)l lh

A / A ’
G — G G7) — &
GT,F(Z )’K(C7X)GT,F(Z/)*(A(C,X)) gT,F(Z LK(C’X)g‘r,F(ZI)*(A(C’X))

Then, to prove that equation (3.4) holds on component (C, X), it suffices to show
that

Aex)" (Grr(@) = Aex)* (h)
as morphisms in  DOpFib (K (C,X)). Using Proposition 3.2.1, we see that
Ae,xy" (Grr(a)) is equal to

GT,F(O‘A(C,X))
SR

Nex) (Grr(2) = Grr(zoA e x)) Grr(Z'oNcx)) = Ao x)” (Grr(2))

and thus is equal to Ac x)* (h) since aAc x) = O x), by construction of ¢ x).

It only remains to prove that equation (3.4) holds on morphism component (f, v).
But this is straightforward using the uniqueness of the liftings through a discrete
opfibration, that equation (3.4) holds on object components and the fact that
both G, (o) and h are morphisms of discrete opfibrations. O

Remark 3.2.6. As anticipated in Remark 3.1.18, the possibility of defining the
functors G, r to have as codomain a category of isomorphism classes of discrete
opfibrations does not work well with the reduction of the study of 2-classifiers to
generators. Theorem 3.2.5 is however the only delicate point one encounters. We

can define a category DOpFib (F') /=~ which has as objects isomorphism classes of
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discrete opfibrations and as morphisms collections of morphisms compatible with
every possible change of representative for the domain or the codomain. Notice

that we then have a full functor
Q?Opffiﬁ(F) ﬁ @Opfiﬁ (F) /=~

The problem with Theorem 3.2.5 is that, from the assumption that for every
Y € Y the composite

ngﬁ@;ﬂyﬁmw;%QQﬁmwwg

is fully faithful, we cannot deduce the analogue of this for every F' € L. Indeed,
we can no longer have

Gr.xc.x)(0cx)) =

in DOpFib(F), but only in DOpFib (F)/=. Of course we then only need
G.r(a) = h in DOpFib (F) /=, but it seems that there is no way to find the
isomorphisms that regulate G, p(a) = h starting from the ones that regulate
G- xc.x)(0c,x)) = hS* for every (C, X). One strategy could be to induce them
using the universal property of the colimit, but we cannot guarantee that the

isomorphisms that regulate all the G; k(o x)(0(c,x)) = h¢X form a cocone.

We aim at the third of our three theorems of reduction to dense generators.
Theorem 3.2.2 and Theorem 3.2.5 allow to check the conditions for 7: 2, —
to be a 2-classifier just on a dense generator. We now want to similarly reduce to
dense generators the study of what 7 classifies. The following construction will

be very important for this.

Recall that we denote as @OpTiEP(F ) the full subcategory of DOpFib (F') on
the discrete opfibrations that satisfy a fixed pullback-stable property P (in our
examples, P will be the property of having small fibres).

Construction 3.2.7. Let I: Y — L be a fully faithful dense generator of L.

Assume that 7 satisfies a pullback-stable property P and that for every Y € Y

Griovy: LU(Y), Q) — DOpFib " (I(Y))
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is an equivalence of categories. Let then ¢: G — F be a discrete opfibration
in L that satisfies the property P. We would like to construct a characteristic
morphism z: F' — Q for ¢. That is, a z such that G, r(z) is isomorphic to ¢, so

that ¢ gets classified by 7.

There exist a 2-diagram K: [WW — L which factors through Y and a universal

cartesian-marked oplax cocone A that exhibits F' as the [-absolute
F = oplax®* -colim™' K

We would like to induce z via the universal property of the colimit F'. The idea

is condensed in the following diagram:

For every (C,X) in [W, the change of base G, kc.x)(Ac,x) of ¢ along Ac x
satisfies the property P and is thus in the essential image of Gk x). We can

then consider the oplax natural transformation y given by the composite

Al =2 (K (=), F) 2259 popFib " (K (—)) 2252 £ (K (=), Q).

oplaxcart pseudo pseudo
S . .. .. ..
where every G;xcx) = is a right adjoint quasi-inverse of G, k(¢ x) giving an
.. . . 1 . .
adjoint equivalence. The action of such G; x(c x)”~  on morphisms h: ¢ — 1)’ is

exhibited by the naturality squares of the counit ¢

Grrcx) (Grrex) ' (@)) (G
Gr.K(C,X) (gtK(C,X)l(h))l lh

Grrex) (Grrex) (@) (08

<R

1

™
<

We are also using that for every morphism (f,v): (D, X’) + (C,X) in [W the
functor DOpFib (K (f,v)) = K(f,v)* restricts to a functor between the essential
image of G, k(p,x’) and the essential image of G: k(c x). Moreover, using Propos-

ition 3.1.9, we have that g;}((_) extends to a pseudonatural transformation. Its
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structure 2-cell on any (f,v): (D, X') < (C,X) in [W is given by the pasting

—oK(f,v)

DOpFib* (KPX) 95 £ (KPX', Q) L(KSX Q)

\E% lg} /(;,Kmu))ll o \

P ’ .-P
DOpFib (KP') oo DOpFib ™ (KOX) — L (KO, Q)
where 7 is the unit of the adjoint equivalence, and we denoted K (C, X) as K¢X.

The composite y above is readily seen to be a sigma natural transformation (of
Descotte, Dubuc and Szyld’s [15], w.r.t. the cartesian marking). That is, x is
an oplax natural transformation with the structure 2-cells x;q being isomorph-
isms for every morphism of type (f,id) in ( Ik W) P If we were in a bicategorical
context, this would then be enough to induce a morphism z: F' — €2, as we will ex-
plore in detail in future work. In our strict 2-categorical context, we further need
to be able to “normalize” such sigma natural transformation, ensuring that the
structure 2-cells on the morphisms (f,id) are identities. So that the morphisms
G (g@ (A(C, X))) yield a cartesian-marked oplax cocone. Essentially, this means
that we can choose good quasi-inverses of the G: k(¢ x)’s. Such an extra hypo-
thesis is satisfied by 2-dimensional presheaves (i.e. prestacks), see Theorem 5.1.14.
By Theorem 5.2.9, it is then satisfied by nice sub-2-categories of prestacks, such
as the 2-category of stacks (Theorem 5.3.22).

We now present the third of our three theorems of reduction to dense generators.
Building over Theorem 3.2.2 and Theorem 3.2.5, we reduce to dense generators
the study of what a 2-classifier 7: 2, — €2 classifies. The proof is construct-
ive, based on Construction 3.2.7, so that we also give a concrete recipe for the

characteristic morphisms.

Theorem 3.2.8. Let I: Y — L be a fully faithful dense generator of L. Assume

that T satisfies a pullback-stable property P and that for every Y € Y
Graory: L(I(Y), Q) — DOpFib" (1(Y))

is an equivalence of categories. Assume further that, for every discrete opfibration

w: G — F in L that satisfies the property P, the sigma natural transformation x
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produced in Construction 3.2.7 (starting from ¢ and some K and A\') is isomorphic

to a cartesian-marked oplaz natural transformation X (i.e. can be normalized).

Then for every F' € L
G.r: L(F,Q) — DOpFib" (F)

15 essentially surjective, and hence an equivalence of categories by Theorem 3.2.5.

Proof. Let ¢: G — F' be a discrete opfibration in £ that satisfies the property
P. Consider the associated y and XN as in the statement. Let z: FF — € be
the unique morphism induced by N via the universal property of the colimit
F = oplax®*_-colim® K. We prove that z is a characteristic morphism for ©

with respect to 7.

Consider the pullback

z

%4
Gr.F (Z)J/ J/T
F Q

We want to prove that there is an isomorphism j: G = V such that G, g(2)oj = ¢.

| I

z

Applying Construction 3.2.4 to ¢ and idp, we construct K’ = K, and A" = A},
that exhibits

cart

G = oplax®* -colim™! (dom op* o K').

Applying again Construction 3.2.4 to 7 and z: F' — 2 we obtain

V = oplax®®* -colim®! (dom o7* o (2 0 —) 0 K').

We show that

domo7* o (z0—)o K' = domog*o K'.

Notice that (z 0 —) o K’ is the 2-functor [W — L f.x () associated to the oplax
natural transformation N, as described in Construction 3.2.4. Since N = y, we
obtain that (z 0 —) o K’ = U where U is the 2-functor [W — L f.x () associated

to the sigma natural transformation y. Moreover the general component tc x
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on (C, X) € [W of such isomorphism has first component equal to the identity.

This produces an isomorphism
domor* 0o (z0—)o K' 2 domor* o U
whose general component on (C, X) is over K(C, X). Indeed by Remark 3.2.3

dom (7 (tic.x))) = dom (Gr.(c.x) (P (te.x)))
and is thus an isomorphism that makes the following triangle commute:

dom (G- xc.x) (Riex))) — dom (Grx(c,x) (X(cx)))

GT,K(C,X)(N(C,m X)/GT,K(C,X)(X(C,X))

K(C,

In this way, we have handled the isomorphisms given by the normalization process.
We now show that

domo7* o U = domoyp* o K.

Given (C,X) € [W, by Remark 3.2.3 and by construction of x we have

dom (7% (x(c,x))) = dom (G- ke, x) (X(©x))) = dom (Gp x(ox) (Acx))) =

= dom (¢" (Acx))) -

So the counits of the adjoint equivalences G, k(c.x) 1 Grx(c, Xfl give isomorph-

isms
Eexy: Q9N = (domor* 0 U) (C, X) — (domogp* o K') (C, X) = HEY)

over K(C,X), where the map to K(C,X) from the right hand side is
Gox(cx) (Ac,x)). We prove that these isomorphisms form a 2-natural trans-
formation £. Take then (f,v): (C,X) — (D,X’) in [W. By Remark 3.2.3, we

can express the action of dom o7* on the morphism

K(C,x) U k(D X7

U(f,v) = ALy
X(C,x) X(D,x")
Q
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in  terms of dom(gT,K(c,X)(Xf,V)). Analogously,  we  express
dom (¢* (K(f,v),Azy)) in terms of dom (Gyx(c,x)(Asy)).  Consider the

composite pullbacks

§H —y gOX) §¢ ——— QP ——q,

_ _| - _
l Go(A(p,x7) )l J gT(X<D,X’))l JT
K(O,X)ﬁK(DX)mF (CX>—>K(DX)X(DX’)Q

and call R and R respectively the pullbacks of ¢ and of 7 along the composites.
By construction of x and by the action of G; k¢, X)_l on morphisms, we calculate

that G; k(c,x)(Xyy) is precisely the composite

QCX) = gCx) G%—MC*X’(A’“”) RPfx=gl = 0~ Re
o) K(f)*€0p )

Notice that we also need one triangular equality of the adjoint equival-
ence Grk(cx) to handle the n~! part of g K(fw): In order to obtain
dom (7 (K(f,v), X¢v)), by Remark 3.2.3, we compose G, k(c,x)(xy,,) with

RO = 5@ o QWX

We conclude the naturality of £ by definition of K (f,v)*¢ (DX To prove that &
is 2-natural, consider a 2-cell §: (f,v) = (f',v/): (C,X) — (D, X’) in [W. Both

é(D,X’) * (dom OT>|< (@) U) ((5)

(dOIIl OQD>k 0] K/) ((5) * €C,X

give the unique lifting of K(9) * G k(c,x) (X(C,X)) to {p,xny o (domor* o U) (f,v)
along Gy x(p,x) (A(p,xn). Thus £ is 2-natural. We then obtain a 2-natural
isomorphism

¢: domo7t* o (z0—)o K' = domoyp* o K’
whose general component on (C, X) € [W is over K(C, X).

As a consequence, there is an isomorphism j: G = V', respecting the universal
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cartesian-marked oplax cocones ©F and ©V that exhibit the two as colimits:

Al o L ((domop* 0 K') (=), G)

cart

oplax
evﬂoplaxcart ﬂjo_

L ((domor* o (z0—)o K') (=), )ﬁL((domow o K') (=), V)

We want to show that the following triangle is commutative:

G4>V

\ A o (3.5)

Since G is a cartesian-marked oplax conical colimit, it suffices to show that

(po—)06% = (Grr(z)o—)o(jo—)o6F

Whence it suffices to show that

(po—)oBY = (gTF(z) o—o C(__1)> o0V

Given (C,X) € [W, the two have equal components on (C, X) since by Con-

struction 3.2.4

G-r(2)900c x)°C0.x) = Mo x)0Gr k(e x) (Riex))oaxy = Mex)0Gerox) (MAex))

using that (¢ x) is over K(C, X). Given (f,v): (D,X’) « (C,X) in [W, also
the structure 2-cells of the two cartesian-marked oplax natural transformations

on (f,v) are equal, since by Construction 3.2.4

Grr(2)%0 1) * (o x) = Agu <GT7K(0,X) (Rex)) o C(&x>> = Aro*Goriox) (Mex)) -

Therefore the triangle of equation (3.5) is commutative and ¢ is in the essential

image of G, p. O

Remark 3.2.9. In the proof of Theorem 3.2.8, we have actually proved the fol-
lowing sharper result, that involves the classification of single discrete opfibrations
. We also show that the operation of normalization described in Theorem 3.2.8

is necessary.
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Corollary 3.2.10 (of the proof of Theorem 3.2.8). Let I: Y — L be a fully
faithful dense generator of L. Assume that 7: Q4 — € is a 2-classifier in L, and
let p: G — F be an arbitrary discrete opfibration in L. Consider K and A as in

Construction 3.2.7. The following properties are equivalent:
(1) ¢ is classified by T, i.e. ¢ is in the essential image of G, ;

(i) for every (C,X) € [W the change of base Gy i (c,x)(Ac.x) of ¢ along Ac x
is 1n the essential image of Grk(cx), and the operation of normalization

described in Theorem 3.2.8 starting from o is possible.

Proof. The proof of (ii) = (7) is exactly as the proof of Theorem 3.2.8, using the
essential image of G; x(c,x) in place of Q)Opffiﬁp(K (C, X)).

We prove (i) = (i7). By assumption, there exists a characteristic morphism z
for . For every (C, X), we then have that z o A¢ x) is a characteristic morph-
ism for Gy xc,x)(Ac,x). It remains to prove that the operation of normaliz-
ation described in Theorem 3.2.8 starting from ¢ is possible. We can choose
the quasi-inverse of G: k(¢ x) (restricted to its essential image) so that for every

b: K(C,X)— Fin L

ngl (qx)(g@,x(c,X)(b)) =zo0b

and the component of the counit on G, x(c, X)(b) is given by the pseudofunctori-
ality of the pullback. Then for every morphism (f,id): (D, F(f)(X)) « (C, X)
in f w

X(e,x) = 20 Nex) =20 Apripx) o K(f,id) = x(p,r(p)x)) © K(f,id).

In order to prove that x i = id, it suffices to prove that G, xc,x)(xfa) = id. It
is straightforward to see that this holds, using the recipe described in the proof of
Theorem 3.2.8. Indeed it is just given by the compatibilities of a pullback along

a composite of three morphisms with the composite pullbacks. O

Corollary 3.2.11. Let I[: Y — L be a fully faithful dense generator of L. Let

w: 1 — Q be a morphism in L such that the lax limit of the arrow w satisfies a
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fixed pullback-stable property P. If for every Y € Y
Gorovy: LI(Y), Q) — DOpFib" (1(Y))

is an equivalence of categories and the operation of normalization described in
Theorem 3.2.8 (starting from every @) is possible, then w is a good 2-classifier

in L with respect to P.

Proof. By Remark 3.1.13, taking 7 to be the lax limit of the arrow w, we have
that ?w, r = G- r for every F € L. We conclude by Theorem 3.2.8. O

Remark 3.2.12. The theorems of reduction of the study of 2-classifiers to dense
generators offer great benefits. To have an idea of this, we can look at the

following example.

In Chapter 5, we will then apply the theorems of reduction to dense generators

to the cases of 2-presheaves (i.e. prestacks) and stacks; see also Section 3.3.

Example 3.2.13. The theorems of reduction to dense generators allow us to
deduce all the major properties of the Grothendieck construction (or category
of elements) from the trivial observation that everything works well over the

singleton category.

Indeed the singleton category 1 is a dense generator in Cat. So we can just
look at the discrete opfibrations over 1. Let w = 1: 1 — Set. The lax limit
7: Set, — Set certainly has small fibres. In fact one immediately sees that any
comma object from w, say to F': B — Set, gives a discrete opfibration with small
fibres, since the fibre over B € ‘B is isomorphic to Set (1, F(B)). Let P = s be

the property of having small fibres.

The functor
éw,ﬁ Cat (1, Set) — @Opﬁﬁsu) >~ Set

sends a functor 1 — Set to the set it picks, so it is clearly an equivalence of
categories. By the theorems of reduction to dense generators, we deduce that the

construction of the category of elements is fully faithful and classifies all discrete
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opfibrations with small fibres (deducing thus the whole Example 3.1.15). Indeed,
let p: E — B be a discrete opfibration with small fibres. The density of 1 allows
us to express B as a cartesian-marked oplax conical colimit of the constant at
1 functor Al. By Example 1.1.25 we know that the universal cartesian-marked

oplax cocone A is given by

B 1L B
B 1 B

Following Construction 3.2.7 and the proof of Corollary 3.2.11, we consider the
sigma natural transformation y given by the composite

Al =2 Cat (AL(-), B) Z22L DOpFib*(A1(—)) EL—% Cat (A1(—), Set) .

oplaxcart pseudo pseudo

But G, ai(-) is strict 2-natural (thanks to our choice of pullbacks). Similarly,
also é‘,, a1(—) and hence its quasi-inverse are strict 2-natural. So that x is already

cartesian-marked oplax natural. Explicitly, y is given by

B (r)B @ Gy
B

where (p)p is the fibre of p on B, since the pullback of p along each B: 1 — B
gives precisely the fibre over B. This induces the known characteristic morphism
B — Set for p, collecting together the fibres of p. So the concrete recipe for
characteristic morphisms described in the proof of Theorem 3.2.8 recovers the

usual recipe for the quasi-inverse of the category of elements construction.

3.3. Towards a 2-classifier in prestacks

In this section, we start looking at the possibility to apply our theorems of re-
duction to dense generators to the case of prestacks. Our theorems offer great
benefits here, allowing us to consider the classification just over representables.

We find a problem that will be solved by the work of Chapter 4. In Chapter 5,
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we will then produce a good 2-classifier in prestacks and restrict it to a good

2-classifier in stacks.

Remark 3.3.1. We consider the 2-category L = [C°P, Cat] of 2-presheaves on a
small category C (that is, prestacks on C). Notice that this 2-category is complete

and cocomplete, since Cat is so.

Construction 3.3.2. We search for a good 2-classifier w: 1 — Q in [C°P, Cat].
Looking at the archetypal example of Cat, we expect such a good 2-classifier
to classify all discrete opfibrations in [C°P, Cat| that have, in some sense, small
fibres. The work of Section 4.2, in Chapter 4, will allow us to define having small
fibres for a discrete opfibration in prestacks. We will denote such a pullback-
stable property as s. Anyway, another problem appears, as we show below. This

problem will as well be solved in Chapter 4.

By Example 3.1.25, representables form a dense generator
I=y: C—|[C®, (Cat].

Then, by our theorems of reduction to dense generators (see Corollary 3.2.11),

we will be able to look just at the functors
Guy(cr: [C, Cat] (v(C), 2) — DOpFib*(y(C))

with C' € C. Notice that the left hand side is isomorphic to ©(C'), by the Yoneda
lemma. As we want all the @%y(c)’s with C' € C to be equivalences of categories
(forming then a pseudonatural equivalence by Proposition 3.1.9), the assignment

of © is forced up to equivalence to be
C & DOpFib*(y (C)).

Remark 3.3.3. This is a nice generalization of what happens in dimension 1.
Indeed recall that the subobject classifier in 1-dimensional presheaves sends C
to the set of sieves on C. And sieves on C' are equivalently the subfunctors of

y(C). In line with the philosophy to upgrade subobjects to discrete opfibrations
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(discussed in 3.1.1), discrete opfibrations over y (C') generalize the concept of sieve

to dimension 2. Notice that ) coincides with the composite

DOpFib ()
_—

P X5 [CP, Cat]™ CAT

and is thus a pseudofunctor by Proposition 3.1.8. We then take as w: 1 — €2 the
pseudonatural transformation with component on C' € C that picks the identity
idyc) on y (C). However, ) is not a strict 2-functor and, a priori, does not land
in Cat; so Q) cannot be a 2-classifier in [C°P, Cat]. Thanks to Chapter 4, we will
be able to produce a nice concrete strictification of €2. Although it was already
known that any pseudofunctor can be strictified, by the theory developed by
Power in [40] and later by Lack in [29], the work of Chapter 4 can be applied
to produce an explicit and easy to handle strictification of €2, which in addition
lands in Cat. Moreover, as we will present in Chapter 5, such strictification can

also be restricted in a natural way to a good 2-classifier in stacks.



4. Indexed Grothendieck

construction

This chapter is based on our joint work with Caviglia [12].

In this chapter, we produce an indexed version of the Grothendieck construction,
that does not seem to appear in the literature. The Grothendieck construction
is a fundamental tool in category theory that has had numerous applications in
geometry, logic and algebra. It gives the possibility to exploit the advantages
of both indexed categories and Grothendieck fibrations. Moreover, also the con-
struction itself has important and useful consequences, such as the conicalization
of all weighted Set-enriched (i.e. ordinary) limits and the famous explicit formula

for ordinary Kan extensions.

So we believe that an indexed version of the Grothendieck construction can be
very fruitful as well. Our motivating application is to produce a nice candidate
for a good 2-classifier in the 2-category [A°P, Cat] of 2-presheaves (i.e. prestacks)
that classifies all discrete opfibrations with small fibres, towards a 2-dimensional
elementary topos structure on prestacks and stacks. Recall from Section 3.1
that a 2-classifier, which is a generalization of the concept of subobject classifier
to dimension 2, can also be thought of as a Grothendieck construction inside
a 2-category. So it is natural to expect an indexed version of the Grothen-
dieck construction to give a 2-classifier in the 2-category of 2-presheaves. Our
indexed Grothendieck construction will allow us to solve the problem we found
in Section 3.3, producing a concrete and easy to handle strictification Q of the

pseudofunctor €2 of Construction 3.3.2 that clearly lands in small categories. We
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describe this in Example 4.4.9. We will show in Chapter 5 that such Qis a
good 2-classifier in prestacks and that it can be restricted to a good 2-classifier

in stacks.

Our main results (Theorem 4.3.7 and Theorem 4.3.9) are condensed in the follow-
ing theorem. Op and non-split variations are also considered in Remark 4.3.12

and Remark 4.3.13.

Theorem 4.0.1. Let A be a small category and consider the functor 2-category

[4, Cat]. For every 2-functor F': A — Cat, there is an equivalence of categories
OpFiba.can (F) = | [F, Cat]

between split opfibrations in the 2-category [A, Cat] over F' and 2-(co)presheaves
on the Grothendieck construction [F of F.

This restricts to an equivalence of categories
@Op_{]jlﬁ S[;?LCat] (F) ~ [fF, Set]

between discrete opfibrations in [A,Cat] over F with small fibres and 1-

copresheaves on [F.

Moreover, both the equivalences of categories above are pseudonatural in F.

When 4 = 1, we recover the usual Grothendieck construction. Indeed [A4, Cat]
reduces to Cat, a 2-functor F': 1 — Cat is just a small category C and [F = C.
So we find

OpFib (C) ~ [C, Cat].

But we introduce an indexed version of the Grothendieck construction that allows
A to be an arbitrary small category and F': 4 — (Cat to be an arbitrary 2-functor.
Interestingly, the data of the opfibrations in [4, Cat| over F' are still packed in a

Cat-valued copresheaf, now on the Grothendieck construction of F'.

We can think of the indexed Grothendieck construction as a simultaneous

Grothendieck construction on every index A € A4, taking into account the bonds
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between different indexes. Indeed, an opfibration ¢ in [A4, Cat| is, in particu-
lar, a natural transformation such that every component ¢4 is a Grothendieck
opfibration (in Cat); see Section 4.2. Our construction essentially applies the
quasi-inverse of the usual Grothendieck construction to every component of ¢ at
the same time. All the obtained copresheaves in Cat are then collected into a

single total copresheaf, exploiting the usual Grothendieck construction on F'.

The restricted equivalence of categories
DOpFiba,can (F) == | [ F, Set]
further reduces, when F': 4 — Set, to the well-known equivalence
(A, Set] | p ~ UF Set}
When F'is a representable y(A) : A — Set, this is the famous equivalence
(4, Set] /y ~ [A] 4, Set]

between slices of (co)presheaves and (co)presheaves on slices. Our theorem also
guarantees its pseudonaturality in A, which does not seem to be stated in the

literature.

The last equivalence between slices of (co)presheaves and (co)presheaves on slices
had many applications in geometry and logic. In particular, it is the archetypal
case of the fundamental theorem of elementary topos theory, showing that every

slice of a Grothendieck topos is a Grothendieck topos. Our equivalence
OpFibia,can (F) = | [F, Cat]

gives a 2-dimensional generalization of this, and we thus expect it to be very
fruitful. Indeed, the concept of (op)fibrational slice has recently been proposed
as the correct upgrade of slices to dimension 2. Rather than taking all maps
into a fixed element, we restrict to the (op)fibrations over that element. This
idea appears in Ahrens, North and van der Weide’s [2], where it is attributed

to Shulman, but was already implicit in previous literature (e.g. in the work of
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Quillen). Our equivalence can be thought of as saying that every (op)fibrational

slice of a Grothendieck 2-topos is again a Grothendieck 2-topos.

The strategy to prove our main theorem will be to use that the Grothendieck
construction of a 2-functor F': 4 — (at is equivalently the oplax colimit of F'.
So that we will be able to apply the usual Grothendieck construction on every
index A € 4. We will then show that all the opfibrations produced for each A
can be collected into an opfibration in [4, Cat| over F. For this, we will also
need to prove that the usual Grothendieck construction is pseudonatural in the
base category. The chain of abstract processes above will then be very useful to

conclude the pseudonaturality in £’ of the indexed Grothendieck construction.

We will also give an explicit description of the indexed Grothendieck construction,

in Construction 4.3.8, so that it can be applied more easily.

We will conclude showing some interesting examples, choosing particular 4’s and
F’s in Theorem 4.0.1. Among them, we will consider the cases 4 = 2 (arrows

between opfibrations) and 4 = A (cosimplicial categories).

Outline of the chapter

In Section 4.1, we recall that the Grothendieck construction can be equivalently
expressed as an oplax colimit. We prove that the equivalence of categories given

by the Grothendieck construction is pseudonatural in the base category.

In Section 4.2, after recalling the notion of opfibration in a 2-category, we show
an equivalent characterization of opfibrations in [A4, Cat]. This also allows us to
define having small fibres for a discrete opfibration in [4, Cat]. We produce a
pseudofunctor F +— OpFib(a,ca (F).

In Section 4.3, we present our main theorems, proving an equivalence of categories
between (split) opfibrations in [A4, Cat] over F and 2-copresheaves on [F. We
also show that such equivalence is pseudonatural in F. We present the explicit

indexed Grothendieck construction.
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In Section 4.4, we show some interesting examples. In particular, we obtain a nice
candidate for a good 2-classifier in prestacks that classifies all discrete opfibrations

with small fibres.

4.1. Some properties of the Grothendieck

construction

In this section, we recall that the Grothendieck construction can be equivalently
expressed as an oplax colimit. As we could not find a proof of this in the literature,
we show a proof below (Theorem 4.1.7). It will also be important to recall from
Theorem 1.3.8 that the Grothendieck construction is as well equivalently given

by a lax comma object (or by a strict 3-pullback) in 2-Catjay.

We then prove that the equivalence of categories given by the Grothendieck con-

struction is pseudonatural in the base category.

Remark 4.1.1. In this chapter, we focus on the Grothendieck construction
of (strict) 2-functors F': C — (Cat with C a small category, which correspond
with split opfibrations over C. We will consider variations of this setting in
Remark 4.3.12 (fibrations) and Remark 4.3.13 (C a 2-category and non-split op-
fibrations).

We denote as OpFib (C) the subcategory of Cat /~ on split opfibrations over C
and cleavage preserving morphisms. We denote as Q)Opffiﬁs(C ) its full subcat-
egory on discrete opfibrations over C with small fibres; recall that any functor

over C between discrete opfibrations over ( is automatically cleavage preserving.

Remark 4.1.2. The pullback H*p: H*E — D of a split opfibration p: E — C
along H: D — (C is a split opfibration. We can choose the cleavage of H*p to
make the universal square that exhibits the pullback into a cleavage preserving

morphism.

Remark 4.1.3. Let F': C — (Cat be a functor with C small. Recall that every
morphism (f,«): (C,X) — (D, X’) in the Grothendieck construction [F of F
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can be factorized as
(€, x) 0 (D, F(1)(x) “% (D, x7)

That is, as a cartesian morphism of the cleavage followed by a morphism which

is over the identity (also called vertical morphism).

This means that the Grothendieck construction of F' is somehow given by col-
lecting all F/(C') together, where we have the morphisms (id, «), and adding the
morphisms (f,id) to handle change of index. This idea will be made precise in

Theorem 4.1.7.

The following fundamental theorem is due to Grothendieck [22] (see also Bor-

ceux’s [8]).

Theorem 4.1.4 ([22]). The Grothendieck construction extends to an equivalence
of categories

G(-): [C,Cat] = OpFib(C)

Given a natural transformation v: F = G: C — Cat, the functor G(v): [F —
G is defined to send (C,X) to (C,vy(X)) and (f,a): (C,X) — (D,X') to
(f.vp(a)).

The quasi-inverse is given by taking fibres on every C' € C.

Moreover, the equivalence above restricts to an equivalence of categories

G(—): [C,Set] = DOpFib"(C)

Aiming at proving that the Grothendieck construction is equivalently given by

an oplax colimit, we recall the definition of oplax colimit.

Definition 4.1.5. Let F': C — D be a 2-functor with C small. The oplax
(conical) colimit of F', denoted as oplax-colim F, is (if it exists) an object K € D

together with an isomorphism of categories

D(K,U) = [C, Cat],,,, (AL D (F(=),U))

oplax
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2-natural in U € D, where [C°P, Cat] is the 2-category of 2-functors, oplax

oplax
natural transformations and modifications from C° to Cat. Al is the functor
which is constant at singleton category I and the right hand side of the isomorph-
ism above should be thought of as the category of oplax cocones on I’ with vertex

U. Indeed we also have an isomorphism

[Cop7 Cat] (Ala Q)(F(_)v U)) = [C> @] (F’ AU)

oplax lax

2-natural in U, where [C, D), is the 2-category of 2-functors, lax natural trans-

formations and modifications, and AU is the functor which is constant at U.

Remark 4.1.6. When oplax-colim F' exists, taking U = K and considering the

identity on K gives us in particular a lax natural transformation

A F= AK

lax

which is called the universal oplax cocone on F'.

An equivalent way to show that K = oplax-colimF' is to exhibit such a lax

natural transformation A that is universal in the following 2-categorical sense:

(i) for every lax natural transformation o: F = AU, there exists a unique

lax
morphism s: K — U in D such that Aso \ = o;
(ii) for every s,t: K — U in D and every modification =Z: Aso A = At o A,

there exists a unique 2-cell x: s = ¢ in D such that Ay x A = =Z.

We will need the following known characterization of the Grothendieck construc-
tion. As we could not find a proof of this in the literature, we show a proof

here.

Theorem 4.1.7. Let C be a small category and let F': C — Cat be a 2-functor.
The Grothendieck construction [ F of F is equivalently the oplax (conical) colimit
of the 2-diagram F':

fF = oplax -colim F'
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Proof. Following Remark 4.1.6, we produce a lax natural transformation
inc: F' 1:> A [F and prove that it is universal in the 2-categorical sense. For
ax

every C' € C we define the component of inc on C' to be the functor

ince: F(C) — [F

X (€, X)
J/a = J/(id,a)
X' (C, X")

For every morphism f: C' — D in C, we define the structure 2-cell of inc on f to

be the natural transformation

F(C) 2 [F

F( f)J/ ﬂinc f

F(D)

inCD

that has components (incy), = (f,id) for every X € F(C). The naturality of
Incy expresses
(f,id) o (id, o) = (id, F(f)(e)) o (f,1d).

As explained with more detail in Construction 1.1.4, to get the whole [F we just
need the two kinds of morphisms (id, ) and (f,id) as building blocks. This is
what will ensure the universality of inc. Composition of morphisms of type (id, «)
corresponds with the functoriality of incc. While composition of morphisms of
type (f,id) corresponds with the lax naturality of inc. We could then define
general morphisms to be formal composites (id, «) o (f,id), following the factor-
ization of morphisms in [ F described in Remark 4.1.3. And the equation above,
that swaps the two kinds of morphisms, tells how to reduce every composition to

this form.

We prove that inc is universal in the 2-categorical sense. Given a lax natural
transformation o: F E? AU, we show that there exists a unique s: [F — U such
that Asoinc = 0. These conditions impose to define for every (f,a): (C, X) —
(D,X")in [F

s(C,X) = (soince) (X) = 0c(X)

s(idp,a) = (soincp) (o) = op(a)
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5(f7 id) =S ((incf)x) = (Uf)x

So by the factorization described in Remark 4.1.3, we need to define

s(f,a) = s(id, ) o s(f,id) = op(a) o (of) -

s is a functor by naturality of o,, functoriality of o and lax naturality of o. And

As oinc = o by construction.

Take now s,t: [F — U and a modification Z: Asoinc = At oinc. = has as
components on C' natural transformations Z¢: soincg = toince. We show that

there exists a unique natural transformation x: s = t such that Ay xinc = =.

We need to define
Xox) = (x xince) y = o x

and this works. So inc is universal. O

Remark 4.1.8. Let C be a small category and let F': C — (Cat be a 2-functor.
f F is also the oplax (conical) colimit, with respect to the enrichment over CA7,
of the 2-diagram C Ly Cat — CAT. Indeed the Grothendieck construction of

the latter composite is clearly just [F.

We can now prove that the Grothendieck construction is pseudonatural in the
base category. Such result does not seem to appear in the literature. We will use

Theorem 1.3.8 from Chapter 1.
Proposition 4.1.9. The equivalence of categories
Ge: [C, Cat] = OpFib(C)

of Theorem 4.1.} given by the Grothendieck construction is pseudonatural in C €

Cat®®.

Proof. The assignment C — OpFib (C) extends to a pseudofunctor
OpfFib(—) : Cat™ — CAT

that on the underlying category of the domain Cat®? is a restriction of the pseudo-

functor that does the pullback. So given H: D — (C and a split opfibration
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p: E — C, we define the action of OpFib(—) on H to be the pullback functor
H*.

HE

D——7pr—C
Given a natural transformation a: H = K: D — C, we use the cleavage of p to
define Op¥ib () = * as the natural transformation that has as component on
p the functor
o'p: HYE — K*E

that sends (D, E) € H*E to (D, (ap).FE) € K*E. We will prove that OpFib (—)
is indeed a pseudofunctor in Proposition 4.2.9, for general split opfibrations in a
2-category. In that general setting, we can define o* by lifting a 2-cell along an
opfibration. This point of view is helpful to apply below the universal property

of the lax comma object, using Theorem 1.3.8.

We define a pseudonatural transformation

G-: -, Cat| —= Op¥ib(-)

pseudo

that has component on C given by G¢. Given a functor H: D — C, we define

the structure 2-cell Gy to be the natural isomorphism

[C,Cat] ~ Op¥ib(C)

OHJ/ GH(_/} lH*

(D, Cat] ~ Opf¥ib(D)

that is given by the pseudofunctoriality of the pullback (or actually by the fact
that the pullback of a lax comma is isomorphic to the lax comma with the com-

posite), thanks to Theorem 1.3.8:

firem oo

H* IF ? fF ? Cato,lax

G(FoH) \H *Q(F)l Q(F)l lf

D s C s Cat

(
&
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Gy is indeed a natural transformation thanks to the universal property of the
lax comma object. And G_ satisfies the 1-dimensional condition of pseudonatural
transformation by the pseudofunctoriality of the pullback (choosing the pullbacks
along identities to be the identity).

Take now a natural transformation a: H = K: D — (C. In order to prove the
2-dimensional condition of pseudonatural transformation for G_, we need to show

that the following square is commutative for every F': C — (Cat:

G

H* [F K* [F

(GH)pl l(gK)F

JiFoH) s [(Fo K)

This is shown by the universal property of the lax comma object (or of the

pullback) [F. For this we use the fact that the chosen cleavage on G (F') : [F —

C (with ?(C’X) = (f,id)) makes the square
JF —— Catejax
_l
o[+ ]
C —F— Cat
into a cleavage preserving morphism. O]

4.2. Opfibrations in the 2-category of

2-presheaves

In this section, after recalling the notion of opfibration in a 2-category, we charac-
terize the opfibrations in the functor 2-category [A4, Cat| with 4 a small category.
We will show that such characterization restricts to one of discrete opfibrations
as well. This will allow us to define having small fibres for a discrete opfibration

in [A4, Cat| (Definition 4.2.7).

The definition of (op)fibration in a 2-category is due to Street [41], in terms of
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algebras for a 2-monad. It is known that we can equivalently define (op)fibrations

in a 2-category by representability, as done in Weber’s [51].

Definition 4.2.1. Let L be a 2-category. A split opfibration in L is a morphism
v: G — F in L such that for every X € L the functor

po—: L(X,G)— L(X,F)

induced by ¢ between the hom-categories is a split Grothendieck opfibration (in

Cat) and for every morphism \: K — X in L the commutative square

L(X,G) —2% £(K,G)

o | B

L(X,F) —Q L(K,F)
is cleavage preserving.

We call ¢ a discrete opfibration in L if for every X the functor ¢ o — above is
a discrete opfibration (in Cat). In this case, the second condition is automatic.

This is in line with Definition 3.1.2.

Given split opfibrations ¢p: G — F and v: H — F in L over F, a cleavage
preserving morphism from ¢ to v is a morphism £: ¢ — ¢ in L /g such that for
every X € L the triangle

L(X,G) —== L(X, H)

is cleavage preserving.
If ¢ and 1) are discrete opfibrations, any morphism in L / g is cleavage preserving.

Split opfibrations in L over F' and cleavage preserving morphisms form a category
OpFib. (F). We denote the full subcategory on discrete opfibrations in L as
DOpFib, (F) (again, this is in line with Definition 3.1.2).

Remark 4.2.2. By definition, a (split) opfibration ¢: G — F' in L is required

to lift every 2-cell 0: ¢ o @ = 8 to a cartesian 2-cell " : a = 0.a. We can draw
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the following diagram to say that p o 6, = 3 and ¢ *x0" =0.

2o G —4
G e

B

6" cartesian means that for every 2-cell p: @ = o and 2-cell o: § = ¢ o/,
there exists a unique 2-cell v: 6,0 = o such that p v = ¢ and v o 8 = p.

Analogously, we can express being split in these terms.

The second condition of Definition 4.2.1 then requires the chosen lifting of 6 x A
to be 8" x A (i.e. the chosen lifting of # whiskered with ).

¢ is a discrete opfibration in £ when the liftings 8" are unique.

Remark 4.2.3. Pullbacks of split opfibrations are split opfibrations, because
L (X, —) preserves pullbacks (as it preserves all limits) and pullbacks of split
opfibrations in Cat are split opfibrations in Cat. We are also using (for the second
condition) that we can choose the cleavage of the pullback of a split opfibration in

L so that the universal square that exhibits the pullback is cleavage preserving.

Remark 4.2.4. We can of course apply Definition 4.2.1 to L = (Cat. The
produced notion is equivalent to the usual notion of Grothendieck opfibration.
This is essentially because for L = (Cat it suffices to ask the above liftings for
X = 1. We are then able to lift entire natural transformations 6 as a consequence,

componentwise. Analogously with discrete opfibrations in L = Cat.

We extend this idea below and characterize opfibrations in [4, Cat].

The following proposition does not seem to appear in the literature.

Proposition 4.2.5. Let A4 be a small category and consider a morphism ¢: G —

F in [A4, Cat] (i.e. a natural transformation). The following facts are equivalent:

(1) ¢: G — F is a split opfibration in [A, Cat];
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(i1) for every A € A the component pa: G(A) — F(A) of ¢ on A is a split
opfibration (in Cat) and for every morphism h: A — B in A the naturality

square

aA) —" q(B)

F(A) = F(B)

18 cleavage preserving.

Analogously with discrete opfibrations in [A, Cat], where the condition on the

naturality square of (ii) is automatic.

Proof. We prove (i) = (ii). Let A € 4. Taking X = y(A) in Definition 4.2.1
with L = [A4, Cat|, we obtain that

po—:[A4,Cat](y(A),G) — [A4, Cat] (y(A), F)

is a split opfibration in Cat. By Yoneda lemma, we have isomorphisms that form

a commutative square

[4, Cat] (y(A), G)

[4, Cat] (y(A),F) =~ F(A)

It
Q
=

We can then choose a cleavage on ¢4 that makes it into a split opfibration in
Cat such that the above square is cleavage preserving. Given h: A — B in 4 we

have that the naturality square of ¢ on h is equal to the pasting

G(A) =~ 1[4, Cat](y(A),G) =M (4, cat] (v(B),G) = G(B)

F(A) = [_52[’ Cat] <Y(A)7 F) m [_52[’ Cat] <Y(B)7 F)

I
o
3

and is thus cleavage preserving.

When ¢ is a discrete opfibration, ¢4 is discrete as well for every A € 4.
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We now prove (ii) = (i). Let X € [4, Cat]|, a: X — G, 5: X — F and consider

0: poa= . We need to produce a cartesian lifting 6" : o = 6,a of 8 to «.

As 0.« is a natural transformation and 7" is a modification, we can define them
on components. Given A € 4 and Z € X(A), we define the image of the functor
(f.) 4 on Z and the morphism (6°) 4 7 in G(A) to be given by the chosen cartesian
lifting along ¢4 of 04 7 to aa(Z):

(0")a,z

as(Z) (0.a)a(Z)

valaa(2)) —5 = BalZ)

Given a morphism f: Z — Z’ in X(A), we define (0,.a)a(f) by cartesianity of
(6) 4.z, making by construction (6°), into a natural transformation. (6,a), is
then automatically a functor. In order to prove that 6,« is a natural transform-
ation, we need to show that for every h: A — B in A the following square is

commutative:

(0+)B

This is straightforward using the hypothesis that (G(h), F'(h)) is cleavage pre-
serving. The argument shows at the same time that 6 is a modification. 8" is
then a lifting of # to a by construction, as this can be checked on components.
It is straightforward to show that it is cartesian as well, inducing the required
morphism on components by the cartesianity of all the (6")4 . Coherences are
shown using again that (G/(h), F'(h)) is cleavage preserving. ¢ is split because all
pa are split.
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Given A: K — X in [A4, Cat], we prove that

L(X,G) —2% L(K,G)

@ol l%

L(X,F) —— L(K,F)

is cleavage preserving. This means that

exhibits the chosen cartesian lifting of € x A to awo A. This works by construction,
as the lifting of every 2-cell along ¢ is reduced to lift morphisms of F(A) along
w4 for every A € 4.

When ¢4 is a discrete opfibration for every A € A4, the argument above produces
the needed cartesian liftings. We only need to show that such liftings are unique.
But any lifting 6" needs to have as component (6*)4z on 4 € 4 and Z € X(A)
the unique lifting of 04 7 to as(Z) along @a. O

Proposition 4.2.6. Let A4 be a small category and consider ¢, €
OpFiba,ca (F). Let then &: ¢ — 9 be a morphism in [A, Cat]/p. The fol-

lowing facts are equivalent:
(1) &: p — 1 is cleavage preserving;

(11) for every A € A, the component {a: pa — a is cleavage preserving

(between split opfibrations in Cat).

Proof. We prove (i) = (ii). Given A € 4 we have that

G(A) =~ [4,Cat](y(A),G) == [4, Cat] (y(A), H)

F<A) [“{2,'7 Cat] (y (A)= F) B [ﬁl’ Cat] (y (A)7 F)

I
=
=

I

I
3
2



4.2. OPFIBRATIONS IN THE 2-CATEGORY OF 2-PRESHEAVES 171

is cleavage preserving.

We prove (ii) = (7). The equality of modifications that we need to prove can be

checked on components, where it holds by hypothesis. O

Thanks to Proposition 4.2.5, we can define having small fibres for a discrete

opfibration in [4, Cat].

Definition 4.2.7. Let A4 be a small category. A discrete opfibration ¢p: G — F
in [A4, Cat] has small fibres if for every A € A the component ¢4 of ¢ on A has

small fibres.

We denote as DOpFib 7 cay (F) the full subcategory of DOpFiba cay (F) on the

discrete opfibrations with small fibres.

Remark 4.2.8. The property of having small fibres for a discrete opfibration in
[4, Cat] is stable under pullbacks. Indeed taking components on A € A4 preserves
2-limits in 2-presheaves and discrete opfibrations in Cat with small fibres are

stable under pullbacks.

We will also need the following result.

Proposition 4.2.9. Let L be a 2-category. The assignment F' € L +—
OpFib, (F) € CAT extends to a pseudofunctor

OpFib. (—): L — CAT.

Moreover, this pseudofunctor restricts to a pseudofunctor
OpFib", (=) : L — CAT

that sends F € L to the full subcategory of OpFib. (F) on the split opfibrations

that satisfy a fized pullback-stable property P (e.g. being discrete opfibrations).

Proof. On the underlying category of L°P, we define OpFib  (—) as the restriction
of the pseudofunctor given by the pullback (to consider opfibrations rather than

general morphisms). So given a: F/ — F in L, we have
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We are also using Remark 4.2.3. We immediately get also the isomorphisms that

regulate the image of identities and compositions.

Given a 2-cell §: @ = f: I/ — F in L, we define OpFib, (§) = 6* as the natural
transformation with component on a split opfibration ¢: G — F' in L given by

the morphism 47 : a*p — ¢ induced by lifting § x a*¢ along ¢:

0 G o*
~_ ¢ 5 *
A *aT P

G — G

e

P
B

Indeed the codomain of the lifting of § x a*¢ along ¢ induces the morphism d;
by the universal property of the pullback g*G. 0* is a natural transformation

because the morphisms in OpFib, (F') are cleavage preserving.

OpFib . (—) preserves identity 2-cells and vertical compositions of 2-cells because
the objects of OpFib, (F) are split. We already know that the isomorphisms
that regulate the image of identities and compositions satisfy the 1-dimensional
coherences. It only remains to prove their naturality (actually, only the one for
compositions). This essentially means that it preserves whiskerings, up to pasting
with the isomorphisms that regulate the image of compositions. For whiskering
on the left, this is true by the second condition of Definition 4.2.1. For whiskerings
on the right, we use that the universal square that exhibits a pullback is cleavage

preserving.

Thus we conclude that OpFib, (—) is a pseudofunctor. It then readily restricts
to a pseudofunctor OpFib ', (—). O

4.3. Indexed Grothendieck construction

In this section, we present our main results. We prove an equivalence of categories

between split opfibrations in [4, Cat] over F and 2-copresheaves on [F. This
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equivalence restricts to one between discrete opfibrations in [4, Cat| over F' with
small fibres and Set-valued copresheaves on f F. We also show that both such

equivalences are pseudonatural in F'.

We introduce the explicit indexed Grothendieck construction and show how our
results recover known useful results. In particular, we recover the equivalence
between slices of presheaves over F': 4 — Set and presheaves on f I, that shows
how the slice of a Grothendieck topos is a Grothendieck topos. We interpret our

main theorem as a 2-dimensional generalization of this.
Let A4 be a small category and consider the functor 2-category [A4, Cat].

Remark 4.3.1. We aim at proving that for every 2-functor F': 4 — (Cat, there

is an equivalence of categories
OpFiba,can (F) = | [F, Cat]

between split opfibrations in [4, Cat] over F (see Proposition 4.2.5) and 2-

copresheaves on the Grothendieck construction [F of F.

Our strategy will be to use Theorem 4.1.7, that states that the Grothendieck
construction [F of F' is equivalently the oplax colimit of the 2-diagram F': 4 —
Cat. Notice that a (strict) 2-functor from a category to Cat is the same thing as
a functor into the underlying category Cat, of Cat. In Remark 4.3.13, we will say

what we could do to extend our results to A a 2-category or F' a pseudofunctor.

Proposition 4.3.2. There is an isomorphism of categories

[P, Caty| = (2, CAT), (A1, [F(~), Caty))

oplax

which is (strictly) 2-natural in F.

Proof. We obtain the isomorphism of categories in the statement by The-
orem 4.1.7, that proves that [F = oplax-colimF (see also Remark 4.1.8 and
Definition 4.1.5). The isomorphism is 2-natural in F' by a general result on
weighted colimits, see Kelly’s [28, Section 3.1]. We can apply this result on an
oplax colimit as well because by Street’s [42, Theorem 11] any oplax colimit is

also a weighted one. O
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Remark 4.3.3. Thanks to Proposition 4.3.2, we can reduce ourselves to apply
the usual Grothendieck construction on every index. For this we also need the

pseudonaturality of the Grothendieck construction (Proposition 4.1.9).

Proposition 4.3.4. There is an equivalence of categories

(AP, CAT)| (AL, [F(=), Cato]) = Ps[A%, CAT] .. (AL, OpFibcar (F(-)))

oplax

which is pseudonatural in F', where Ps [A°P, CAT ]| 1s the 2-category of pseudo-

oplax

functors, oplax natural transformations and modifications.

Proof. Notice that

4%, CAT], , (AL [F(-), Cato]) = Ps[A%, CAT]. . (AL, [F(-), Caty))

oplax oplax

So it suffices to exhibit an equivalence
[F'(=), Cato] ~ OpFib (F(-))

in the (large) 2-category Ps[A°, CAT], ... Indeed, for a general (large) 2-
category, postcomposing with a morphism that is an equivalence in the 2-category
gives a functor between hom-categories that is an equivalence of categories. The
left hand side is certainly a 2-functor, while the right hand side is a pseudo-
functor by Proposition 4.2.9. We have that the Grothendieck construction gives

a pseudonatural adjoint equivalence
G-: |-, Cato) ~ OpFib(—),

by Proposition 4.1.9. Whiskering it with F°P on the left gives another pseudo-
natural adjoint equivalence, that is then also an equivalence in the 2-category

Ps[A4° CAT] as needed. The quasi-inverse is given by extending to a pseudo-

oplax
natural transformation the quasi-inverses of the Grothendieck construction on
every component. This can always be done by choosing as structure 2-cells the
pasting of the inverse of the structure 2-cells of the Grothendieck construction
with unit and counit of the adjoint equivalences on components. The triangular

equalities then guarantee that we have an equivalence in Ps[4°P, CAT] (we

oplax

have that the two composites are isomorphic to the identity).
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We now prove that the equivalence of categories

Gryo—: [A%, CAT), 0 (AL [F (). Caty]) = Ps (A, CAT, 5., (AL, OpFibcut (F(-)))

oplax
that we have produced is pseudonatural in F'.

We show that Ps[4°, CAT] (A1, OpFibea (+(—))) : [A, Cat]™ — CAT is

a pseudofunctor. Given a: F' — F' in [4, Cat], we define the image on « to be

oplax

o o —, where

o . OpfFib (F(—)) == OpFib(F'(-)) : A® — CAT

pseudo

is the pseudonatural transformation described as follows. For every A € 4, we
define (a* )4 = o’ (see Proposition 4.2.9). For every h: A — B in 4, we define

the structure 2-cell (o), to be the pasting

Opfib (F(B)) —2 Opfib(F/(B))

~

F(h)*l _ (F(h)oaa) lF'(h)*
= et

Op¥ib (F(A)) = Opfib (F'(A))

112

where the two isomorphisms are the ones given by the pseudofunctoriality of
OpFib(—) (see Proposition 4.2.9). We are using that F(h) o ay = ap o F'(h)
by naturality of . Then a is a pseudonatural transformation because
Op%ib(—) is a pseudofunctor. As a* is a morphism in the (large) 2-category

Ps[A4° CAT] we have that a* o — is a functor. Considering F" LNy N A

oplax’

in [A4, Cat|, there is a an invertible modification

*

() oa (aoa)”

with components given by the pseudofunctoriality of OpFib(—). And then
whiskering with this gives the natural isomorphism that regulates the image on

the composite oo o',

Given 0: a« = (: F' — F in [4, Cat|, we define the image on § to be §* x —,
where 6* is the modification that has components 6% on every A € 4 (see Proposi-

tion 4.2.9). This forms indeed a modification by pseudofunctoriality of Op Fib (—).
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It is straightforward to check that Ps [A°P, CAT],,,, (A1, OpFibca (+(-))) is a

pseudofunctor.

We prove that Gp(_y o — is pseudonatural in I € [4, Cat|”™. Given a: F' — F
in [A4, Cat], we define the structure 2-cell on « to be G, * —, where G, is the

invertible modification

[F(-), Cato] "% Op#Fib(F(-))

_oaJ/ Gor loz*

[F(=), Cato] .=~ OpFib(F'(-))

F/(=)

W

with components defined by the pseudonaturality of the Grothendieck construc-
tion in the base (see Proposition 4.1.9). The latter pseudonaturality also guar-
antees that G, is a modification. Whence G, * — is a natural isomorphism.
We then conclude that Gr_y o — is pseudonatural in F' € [A4, Cat]”® because
the needed equalities of modifications can be checked on components, where
everything holds because the Grothendieck construction is pseudonatural in the

base (we also need the 2-dimensional condition of this pseudonaturality). O]

Remark 4.3.5. An object of Ps[4°?, CAT]| (A1, OpFibca (F(—))) is essen-

oplax

tially a collection of opfibrations on every index A € A4 together with a compact
information on how to move between different indexes. The last ingredient that
we need in order to prove our main result is that we can pack these data in terms

of an opfibration in [4, Cat| over F.
Proposition 4.3.6. There is an isomorphism of categories
Ps AP, CﬂT]oplaX (Al, Op Fib cat (F(—))) = Op¥iba,ca (F)

which is pseudonatural in F (with the structure 2-cells being identities ).

Proof. Given ¢: G — F an opfibration in [A4, Cat], we produce an oplax natural

l¢]: Al == OpFibca (F(—)): AP — CAT.

oplax
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For every A € A4, we define [p]4 = @4, thanks to Proposition 4.2.5. For every
h: A — B in A4, the structure 2-cell [p];, is the functor ¢4 — F(h)*(¢p) defined
by the universal property of the pullback in Cat:

(B)

(B)

[¢]n is cleavage preserving because (G(h), F/(f)) and the universal square that
exhibits the pullback are cleavage preserving, thanks to Proposition 4.2.5. [¢] is
an oplax natural transformation by the universal property of the pullback, using

also the pseudofunctoriality of the pullback.

Given

v: Al ﬁ OPTiECut (F<_))7

we produce an opfibration 7: G — F' in [A4, Cat]. We define the (2-)functor G
sending A € A4 to dom(~4) and h: A — B to the composite above of the diagram

dom(vy,) —— F(h)*dom(vg) — dom(vp)

_I
“fAl F(h)*(vB )l

F(A) =——= F(A) ———— F(B)

G is a functor because «y is oplax natural. For every A € 4, we define 74 = 4.
Then 74 is a natural transformation by construction of G. And the naturality
squares of 4 are cleavage preserving because every 7y, and every universal square
that exhibits a pullback are cleavage preserving. By Proposition 4.2.5, we con-

clude that 7 is a split opfibration in [4, Cat].

We can extend both constructions to functors, that will be inverses of each other.
Given a cleavage preserving morphism £: ¢ — 1 between split opfibrations in
[A4, Cat] over F, we produce a modification [¢]: [p] = [¢]. For every A € 4,
we define [{]4 = &4, thanks to Proposition 4.2.6. It is straightforward to prove
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that this is a modification using the universal property of the pullback. Then
[—] is readily seen to be a functor, because the conditions can be checked on

components. Given a modification
iy =d: Al == OpFibca (F(—)),

we produce a cleavage preserving morphism E: v — 5. For every A € 4, we
define EA ‘= (4, and this is then clearly cleavage preserving. Z is a natural
transformation because ( is a modification. By Proposition 4.2.6, we conclude
that E is a cleavage preserving morphism. Then — is readily seen to be a functor
because the conditions can be checked on components. It is straightforward to

check that [—] and = are inverses of each other.

We now prove the pseudonaturality in F', with the structure 2-cells being iden-
tities, of the isomorphism of categories we have just produced. The left hand
side extends to a pseudofunctor by the proof of Proposition 4.3.4, while the right
hand side extends to a pseudofunctor by Proposition 4.2.9. Given a morphism

a: F' — Fin [4, Cat], we show that the following square is commutative:
Op—‘]:iﬁ[ﬂ,Cat] (F) —= Ps [/qop7 C}Z’-T]oplax (AL OP-‘HECat (F<_>>)
OpFibia,can (F') —=> PS[A%®, CAT], 1oy (AL, OpFib o (F'(—)))

Let ¢p: G — F be a split opfibration in [4, Cat|. For every A € A4, since pullbacks

in [A4, Cat| are calculated pointwise,

* *

(@ op])a = aj(pa) = (a"p)a = [a"p|a.

For every h: A — B in A, we have that [a*y], is equal to the pasting

127 Op¥ib(F(B))] —2 OpFib(F'(B))

% F(h)*l

1 —— Op¥ib(F(A

VE

F(h)oaa)* - lF’(h)*
It
) —— OpFib(F'(A))

I

~—

by the universal property of the pullback, using again that pullbacks in [4, Cat|
are calculated pointwise. It is then easy to see that the square above is commut-

ative on morphisms &: ¢ — 1 as well, since it can be checked on components

Ae .
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We prove that identities are the structure 2-cells of an isomorphic pseudonatural

transformation

OpTibs.cuy (+) = P[4, CAT] . (A1, OpFibcu (+(-) : [, Cat]” — CAT

oplax

This means that the isomorphisms that regulate the image of the two pseudo-
functors on identities and compositions are compatible, and that the two pseudo-
functors agree on 2-cells. The first condition holds because it can be checked
on components and pullbacks in [A4, Cat] are calculated pointwise (choosing pull-
backs along identities to be the identity). The second condition is, for every

d:a= p: F'— Fin [4, Cat],
[=] 6% = (62 % =) * []

This can be checked on components ¢: G — F (split opfibration in [4, Cat]).
On such components we need to prove an equality of modifications, that can be

then checked on components A € 4. So we need to show

(0%0)a = Ga(pa)-

This holds because the components of the liftings along ¢ are the liftings along

the components of ¢. Indeed, for a general 6 as below,

S G —
Y(A)L>X\bF
B

the second condition of Definition 4.2.1 ensures that the lifting of 04 , along ¢ is
equal to 52733. But the former is also the lifting of 64, (seen as a morphism in
F(A)) along ¢4, thanks to Proposition 4.2.5. And everything works on morph-

isms f: x — x' in X(A) as well by cartesianity arguments, using the naturality

of 92. ]

We are now ready to prove our main result.



180 4. INDEXED GROTHENDIECK CONSTRUCTION

Theorem 4.3.7. Let A be a small category and consider the functor 2-category

[A4, Cat]. For every 2-functor F': A — (Cat, there is an equivalence of categories
OpFibaca) (F) = | [F. Cat|

between split opfibrations in [A, Cat] over F' and 2-copresheaves on the Grothen-

dieck construction [F of F. Moreover this equivalence is pseudonatural in F.

Proof. 1t suffices to compose the equivalences of categories of Proposition 4.3.2,

Proposition 4.3.4 and Proposition 4.3.6.

UF, Cato] >~ (20, CAT]. (AL, [F(~), Cato)) ~

oplax (

~ Ps [/qu, Cﬂ{f]oplax (Al, OPTiECat (F(—))) &= Op_‘]‘diﬁ[/@alt] (F)

Notice that a 2-functor from a category into (Cat is the same thing as its under-
lying functor. As all three equivalences are pseudonatural in F' € [4, Cat]’, so

is the composite. O]

We can extract the explicit indexed Grothendieck construction from the proof of

Theorem 4.3.7.

Construction 4.3.8 (Indexed Grothendieck construction). We can follow the
chain of equivalences of the proof of Theorem 4.3.7 to get its explicit action. Let
¢: G — F be a split opfibration in [4, Cat] over F. We first produce the oplax

natural transformation

[el: Al == OpFibca (F(-))

oplax

with [p]a = pa for every A € 4 and

G(h)
G(4) - leln
T4
F(h)*(G(B)) — G(B)
PANF(h)*(#B) ¥B

_
F(A) —— F(B)
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for every h: A — B in 4. Then we produce the oplax natural transformation
with components on A € 4 and structure 2-cells on h: A — B defined by the
pasting
o5 . Gr(m)
1 —— Op¥ib(F(B)) —— [F(B), Caty

y lF(h)* = J/—oF(h)
gF(h)

F(A)

where G’ is the quasi-inverse of the Grothendieck construction. We have that
Gr(a)(pa) sends every X € F(A) to the fibre (pa)y of ¢4 over X and every
morphism a: X — X’ in F(A) to the functor

et (pa)x = (a)x

that lifts @ (on morphisms, it is defined by cartesianity). The structure 2-cell on

h is the natural transformation with component on X € F(A) given by

(pa)x 25 (F(h)*(8))x = (98) )

which coincides with G(h).

Finally, we induce the 2-functor

G (o) : [F —  (Cat

(4, X) (Pa)x

Lniay e

ha) [ (B, F(W)(X)) = (¢B)rmw)

l(id,a) \La*

(BvX,) (SOB)X/

using the universal property of the oplax colimit [F, as in the proof of The-

orem 4.1.7.

Let Z: [F — Cat be a 2-functor. We produce the oplax natural transformation

~ with components on A € 4 and structure 2-cells on h: A — B in A4 defined by
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the pasting

1 25 [R(B), Cato] 22 OpFib (F(B))

Zm/’ l_om) = lF(h)*
Gr(n)

1 —— [F(A), Caty) oo OpFib (F(A))

Zoinc 4

We have that Gpay o Z oinca: G(A) — F(A) is the Grothendieck construction
of the 2-functor F(A) — (Cat that sends every object X € F(A) to Z(A, X)
and every morphism a: X — X’ in F(A) to Z(id, «). Its domain G(A) has the

following description:

an object is a pair (X, &) with X € F(A) and £ € Z(A, X);

a morphism (X, &) — (X', ¢') is a pair (o, Z) with a: X — X' in F(A) and
=: Z(id, )(€) — € in Z(A, X').

These are then collected as a split opfibration G(Z) : G — F in [A4, Cat| over
F whose components on every A are the projections G(A) — F(A) on the first
component. For every h: A — B in A, the functor G(h) is defined by the

composite above in the diagram

G(A) — F(h)*G(B) —— G(B)

Q(Z)Al F(h)*(g(Z)B)l - 9(2)p
F(A) F(A) 5 F(B)
Explicitly,
G(h): G(A) — G(B)
(X, ) (F'(h)(X), Z(h,1d)(£))
Lz = L(F(R)(a),Z(h,id)())
(X', ¢) (F(h)(X"), Z(h,id)(£"))

We can see how this construction is indeed an indexed Grothendieck construction.
We essentially collect together triples (A, X,¢) with A € 4, X € F(A) and
EeZ(AX).
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Theorem 4.3.9. Let A be a small category. For every 2-functor F: A — (Cat,

the equivalence of categories
Op¥iba,cay (F) =~ UF, Cat]
of Theorem 4.3.7 restricts to an equivalence of categories
DOpFiba,can (F) == | [ F, Set]

between discrete opfibrations in [A, Cat] over F with small fibres and Set-valued

copresheaves on f F'. Moreover this equivalence is pseudonatural in F'.

Proof. The isomorphism of Proposition 4.3.2 restricts to one with Set on both
sides in the place of Caty by 2-naturality in U of the isomorphism given by an
oplax colimit (see Definition 4.1.5). Pseudonaturality in F still holds by the same

general argument that guaranteed it with Caty on both sides.

The equivalence of Proposition 4.3.4 restricts to one with Set in the place of Catg
on the left hand side and discrete opfibrations with small fibres in the place of
opfibrations in the right hand side. Indeed the following is a commutative square

of pseudonatural transformations:

(F(—), Set] 22 DOpFib*(F(-))

| |

[F(—), Cato] R OpFib (F(—))

On components A € A, this is true by the classical Theorem 4.1.4. And it is
straightforward to check that it is true on structure 2-cells as well, since struc-
ture 2-cells are given by the pseudofunctoriality of the pullback. Then pseud-
onaturality in F' holds for the restricted equivalence as well, as one can readily

check.

The isomorphism of Proposition 4.3.6 restricts to one with discrete opfibrations
with small fibres on both sides in the place of opfibrations, because it suffices to
look at the components. Then pseudonaturality in /' holds as well, precomposing
the pseudonatural transformation produced in the proof of Proposition 4.3.6 with

the inclusion of discrete opfibrations with small fibres into opfibrations. m
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Remark 4.3.10. When F': 4 — Set, the equivalence of categories
DOpFib(a,cu) (F) = | [ F, Set]
becomes the well-known

(A, Set] | p ~ UFSet}

Indeed any discrete opfibration ¢: G — F in [4, Cat] over F': 4 — Set with
small fibres needs to have G: 4 — Set, and all functors G — F in [A4, Set]
are discrete opfibrations with small fibres. Our theorem guarantees that this

equivalence is pseudonatural in F', which does not seem to appear in the literature.

When F is a representable y(A) : 4 — Set, we obtain the famous equivalence
4, Set] /y ~ [/ 4, Set]

between slices of (co)presheaves and (co)presheaves on slices. We will apply its
pseudonaturality in F' in Example 4.4.9 to get a nice candidate for a Hofmann—

Streicher universe (see [25]) in 2-presheaves.

Remark 4.3.11. The equivalence
(A, Set] | p ~ UFSet}

is very useful in topos theory. It has also been applied to geometry, for example
by Artin, Grothendieck and Verdier in [3, Section IV.5] (where they call “topos
induit” the slice of a topos). It is the archetypal case of the fundamental theorem
of elementary topos theory, as it shows that every slice of a Grothendieck topos

is a Grothendieck topos.

We can interpret our main theorem as a 2-dimensional generalization of this.
Indeed it has recently been proposed that, in dimension 2, the correct analogue
of the slice is an (op)fibrational slice (e.g. Ahrens, North and van der Weide’s [2]).
Our equivalence

OpFibia.con) (F) =~ [ [F, Cat]

says that every opfibrational slice of a Grothendieck 2-topos is again a Grothen-

dieck 2-topos.
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We can now explore some variations on the indexed Grothendieck construction.

Remark 4.3.12. We can change 4 to A° and get the 2-category [A°P, Cat] of 2-
presheaves. Then F': 4°° — Cat. Be careful that, for opfibrations in [A4°P, Cat],
we still need to apply the Grothendieck construction to F' as if we did not know
that the domain of F is an opposite category. We write [ P F for this Grothen-
dieck construction on F', to emphasize that it is not the most natural one for a

2-functor 4°° — Cat. We obtain

OpFibiaw cuy (F) = | [*F, Cat|

The most natural Grothendieck construction f F of a contravariant 2-functor
I A°° — (Cat appears instead to handle fibrations in the place of opfibrations.
Such Grothendieck construction f F' is the lax colimit of F'. Then —°P: Cat —
Cat®, where Cat® is the dualization on 2-cells of Cat, preserves this colimit. We

obtain that ([F)® is the lax colimit in Cat® of F(—)°P, which means that
(fF)Op = oplax -colim (F'(—)°P)

in Cat. Then we have the following chain of equivalences of categories:

(JF)™, Cato| = (2, CAT) ., (A1, [F (=), Cato)) =

oplax(
~ PS [./‘Zl, CﬂT]oplaX (Al, TiBCat (F(—))) = _‘}diﬁ[ﬂop76‘at] (F)

Remark 4.3.13. We believe that, when A4 is a 2-category, one can still obtain

an equivalence of categories
OpFibia,ca) (F) == | [F. Cat|

where [F is now the 2-category of elements (or 2-Set-enriched Grothendieck con-
struction), introduced by Street in [42] and explored more in detail in Chapter 1.
In order to adapt our proof of Theorem 4.3.7 to this setting, one would need f F
to be a kind of oplax colimit in 2-Cat. We believe that F' is the 2-oplax colimit
of F followed by the inclusion i of Cat into 2-Cat, where a 2-oplax natural trans-

formation is a Crans’s [14] oplax 1-transfor. Such transformations have the same
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1-dimensional conditions of an oplax natural transformation but now also have
structure 3-cells on every 2-cell in 4. Having as codomain 2-Cat, they compose
well. The added structure 3-cells are precisely what one needs in order to encode
the 2-cells
51 (f F(0)x) = (9:1d): (A4,X) — (B, F(9)(X))

in [F foreveryd: f = g: A— Bin 4. Asexplained in Construction 1.1.4, every
2-cell in [ F is a whiskering of such particular 2-cells (in some sense, these 2-cells
are the only ones we need). The middle equivalence of the chain that proves our
Theorem 4.3.7 would then be given by the 2-category of elements construction.
Finally, the last part of the chain would probably work as well, with the structure
3-cells managing to encode the action of G' on 2-cells. However, we have not

checked these details.

Such generalization would be helpful also to handle non-split opfibrations and
pseudofunctors from f F into Cat, for which we cannot reduce to functors into
Caty. Of course, for this, one could also extend the explicit indexed Grothendieck

construction.

For the restriction to copresheaves and discrete opfibrations, we need to be careful
that

2-Cat ([F,i(Set)) = Cat (. [, Set)
where 7 is the left adjoint of i: Cat — 2-Cat. So a quotient of [F' by its 2-cells

appears: morphisms in f F' that were connected via a 2-cell becomes equal.

4.4. Examples

In this section, we show some interesting examples. We can vary both 4 and F
in our main results. We start with 4 = 1, that recovers the usual Grothendieck
construction. 4 = 2 represents the simultaneous Grothendieck construction of
two opfibrations connected by an arrow. While 4 = A considers (co)simplicial
categories. We also explore other examples. In particular, we obtain a nice

candidate for a Hofmann—Streicher universe in 2-presheaves.
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Remark 4.4.1 (4 = 1). When A4 = 1, the 2-category [A4, Cat] reduces to Cat. A
2-functor F': 1 — (Cat is just a small category C and [F = C. So Theorem 4.3.7

gives the classical

Op¥ib (C) ~ [C, Cat].

The explicit indexed Grothendieck construction becomes the usual Grothendieck
construction. Indeed the first part and the last part of the chain become trivial,

while the middle part is the Grothendieck construction on the unique index * € 1.

Example 4.4.2 (A4 discrete). When A4 is discrete, the 2-category [A4, Cat] is a
product of copies of Cat. A 2-functor F': 4 — (Cat just picks as many categories
as the cardinality of A4, without bonds. Since the diagram F'is parametrized by
a discrete category, we have that [F = oplax-colimF' becomes the coproduct
of the categories picked by F. And [ [F, Cat} is then a collection of functors
from every such category into Cat. On the other hand, by Proposition 4.2.5, a
split opfibration in [A4, Cat| is just a collection of as many opfibrations as the

cardinality of A, without bonds. The indexed Grothendieck construction
|:fF, Cat] ~ Opfiﬁ[;zlfat] (F)

is the simultaneous Grothendieck construction of all the functors into Cat that
are collected as a single functor from the coproduct. This shows the indexed

nature of the indexed Grothendieck construction.

Example 4.4.3 (A4 = 2). When A4 = 2, the 2-category [A4, Cat| is the arrow
category of Cat and F': 2 — (Cat is a functor F: C — D. The Grothendieck
construction [F has as objects the disjoint union of the objects of C and of D,
denoted respectively (0,C') and (1, D) with C' € C and D € D. The morphisms
of [F are of three kinds: morphisms in C (over 0), morphisms in D (over 1)
and morphisms over 0 — 1 that represents the objects (C, D, F(C) — D) of the
comma category F /. On the other hand, given G: 2 — (at corresponding
to G: E — L, a split opfibration ¢: G — F in [2, Cat| is a cleavage preserving
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morphism

&,

E L
wol Jsm
C——7D
between split opfibrations ¢y and ¢;. So Theorem 4.3.7 gives an equivalence of
categories between morphisms of (classical) split opfibrations (in Cat) which have

F as second component and 2-copresheaves on a category that collects together

C, D and the comma category ﬁ/g)

Following Construction 4.3.8, we get the explicit (quasi-inverse of the) indexed
Grothendieck construction in this case. The arrow above between split opfibra-

tions g and ¢; can be reorganized as the functor [F — Cat that sends

(i) (0,C) to the fibre of ¢y on C' and every morphism f in C to the functor f.

that lifts it along ¢o;

(ii) (1, D) to the fibre of ¢; on D and every morphism g in D to the functor g.
that lifts it along ¢;

(iii) every morphism corresponding to an object (C,D,a: F(C) — D) of the

comma category F /q to the composite functor
G a
(po)c = (Spl)ﬁ(c) — (1) p-

In the particular case in which F': 2 — Set, we have that F: S — T is a function
between sets. Then f F' is a poset with objects the disjoint union of the objects
of S and of T and such that (0,s) < (1,t) with s € S and ¢ € T if and only if

F (s) =t. On the other hand, a split opfibration in [2, Cat] over F is precisely a

commutative square in Set with bottom leg equal to F.

Example 4.4.4 (4 = 7). When 4 is the walking isomorphism Z, we have that
F: T — Cat is an invertible functor F: C — 9. Then [ F is similar to the one
of Example 4.4.3, but there is now a fourth kind of morphisms, that represents

the objects (D, C, F~*(D) — C) of the comma category F! /C.
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If F: Z — Set, the partial order of the poset constructed as in Example 4.4.3
now becomes an equivalence relation. Every object is in relation precisely with

itself and with its copy in the other set.

Example 4.4.5 (4 = A). When 4 is the simplex category A, we have that
F: A — (Cat is a cosimplicial category. This is equivalently a cosimplicial object
in Cat or an internal category in cosimplicial sets. The Grothendieck construction
[ F collects together all the cosimplexes in a total category, taking into account
faces and degeneracies. Theorem 4.3.7 gives an equivalence of categories between
split opfibrations between cosimplicial categories over F' and functors into Cat

from the total category that collects all the cosimplexes given by F'.

Example 4.4.6 (F = Al). Given any small category A, we can consider F' =
Al: 4 — Cat the functor constant at the terminal 1. We have that fAl = 4.

So Theorem 4.3.7 gives an equivalence of categories
Op_‘]:iﬁ[,qfat] (Al) ~ [./‘Zl, Cat] .

Indeed, as being opfibred over 1 means nothing, a split opfibration ¢: G — Al
is a collection of categories G(A) and of functors G(h) for every h: A — B in 4.

This forms a functor A4 — (Cat because ¢ is split.

Putting together this equivalence with that of Example 4.4.1, we obtain
Op¥Fib;a car (A1) >~ OpFib o (A)

Example 4.4.7 (F = AB). Given any small category A, we can consider F' =
AB: A4 — (Cat the functor constant at a fixed category B. We have that [AB =
A x B and G(AB) is the projection 4 x B — A. Theorem 4.3.7 characterizes
functors 4 x B — (Cat, and hence the Cat-enriched profunctors, in terms of split

opfibrations in [A4, Cat] over AB.

Example 4.4.8 (semidirect product of groups). Let A4 be the one-object category
BG corresponding to a group GG. Consider then F': BG — (Cat that sends the
unique object of BG to the one-object category that corresponds to a group

H. Functoriality of F' corresponds precisely to giving a group homomorphism
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p: G — Aut(H) where Aut(H) is the group of automorphisms of H. Then
the Grothendieck construction [F is a one-object category corresponding to the
semidirect product H x,G. Thus Theorem 4.3.7 characterizes functors H x,G —
Cat in terms of opfibrations in [BG, Cat] over the functor F' that corresponds with
p: G — Aut(H).

Example 4.4.9 (Hofmann—Streicher universe in 2-presheaves). We apply The-
orem 4.3.7 (and Theorem 4.3.9) to solve the problem we found in Section 3.3 and
get a nice candidate for a Hofmann—Streicher universe (see [25]) in the 2-category
[A°P, Cat| of 2-presheaves (i.e. prestacks). In Chapter 5, we will then show that
such candidate is indeed a good 2-classifier in [A4°P, Cat| that classifies all dis-
crete opfibrations with small fibres, towards a 2-dimensional elementary topos
structure on [A4°P, Cat]. This was the starting motivation for the work of this

chapter.

Recall from Construction 3.3.2 that, by our theorems of reduction of the study of
a 2-classifier to dense generators, a good 2-classifier in [A4°P, Cat| that classifies
all discrete opfibrations with small fibres is forced up to equivalence to be the
pseudofunctor

DOp Fib ()
_

a° Y7 (7 Cat]*® CAT,

that assigns A AN DOp Fib " 700 car) (y (4)). By Remark 3.3.3, such € nicely gener-
alizes to dimension 2 the subobject classifier of 1-dimensional presheaves . How-
ever, it has the problem of not being a strict 2-functor and not clearly landing in

Cat, so that it cannot be a 2-classifier in [A°P, Cat].

Theorem 4.3.7 (together with Theorem 4.3.9 and Remark 4.3.12) offers a nice
way to replace such pseudofunctor €2 with a concrete strict 2-functor Q that
lands in Cat. Although it was already known that any pseudofunctor can be
strictified, by the theory developed by Power in [40] and later by Lack in [29],
the work of this chapter provides an explicit and easy to handle strictification of
2, which in addition lands in Cat. Moreover, as we will present in Chapter 5,
such strictification can also be restricted in a natural way to a good 2-classifier

in stacks.
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Theorem 4.3.9 gives an equivalence of categories

DOPFib "o can (v (A)) = | [y (4), Set]

that is pseudonatural in A € A°° by precomposing the equivalence that is
pseudonatural in F € [4°, Cat]”® with y°P: 4P — [4°, Cat]’®. So the right
hand side of the equivalence above gives a strict 2-functor Q that is pseudo-

naturally equivalent to €2 and lands in Cat.

When 4 is a 1-category,

[Ty =(A/4)" and QA) = [(A/4)", Set] .

Q acts on morphisms by postcomposition. Notice that in this case y(A) : 4P —
Set and so the left hand side of the equivalence above simplifies to
(AP, Set] / y(A); but we still need the pseudonaturality in A, that does not seem
to appear in the literature. Our Theorem 4.3.9 (with Theorem 4.3.7) guarantees
such pseudonaturality and therefore that we get a strict 2-functor Q pseudo-
naturally equivalent to §2. This is a Hofmann—Streicher universe, in line with the
ideas of [25] and with Awodey’s recent work [4]. In Chapter 5, we will show that
Q is indeed a good 2-classifier in [A°P, Cat] that classifies all discrete opfibrations
with small fibres, using our theorems of reduction of the study of a 2-classifier to

dense generators. We will then restrict this good 2-classifier to one in stacks.

When A4 is a 2-category, the 2-category of elements gives

fOPY(A) = (_52[ Joplax A)Op

Checking the details of the strategy proposed in Remark 4.3.13, we would get a
refined strict 2-functor Q defined by

QA) = [1.(A foptax )™ Set]

(recall the definition of m, from Remark 4.3.13). Interestingly, such quotients of
(op)lax slices give the right weights to represent (op)lax (co)limits as weighted

ones, by Street’s [42, Theorem 11].
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5. Hofmann—Streicher universe in

stacks

This chapter is based on the second half of our [37].

In this chapter, we contribute to expand further 2-dimensional elementary topos
theory, introduced by Weber in [51]; see also Chapter 3. Recall from Defini-
tion 3.1.12 the notion of good 2-classifier, that captures well-behaved Weber’s
2-classifiers (Definition 3.1.10) and generalizes the concept of subobject classifier
to dimension 2. The archetypal good 2-classifier is given by the construction of
the category of elements (or Grothendieck construction), that exhibits Cat as the

archetypal elementary 2-topos.

We present a good 2-classifier in prestacks that classifies all discrete opfibrations
with small fibres. We then restrict this good 2-classifier to one in stacks. This is
the main part of a proof that Grothendieck 2-topoi are elementary 2-topoi. The
reason why we focus on 2-classifiers is that the rest of the definition of elementary
2-topos proposed by Weber is yet to be ascertained. We hope that this thesis will

contribute to reach a universally accepted notion of elementary 2-topos.

In order to produce a good 2-classifier in prestacks, we apply our theorems of re-
duction of the study of a 2-classifier to dense generators, presented in Chapter 3.
This allows us to consider the classification just over representables. As explained
in Section 3.3, Yoneda lemma determines up to equivalence the construction of
a good 2-classifier in prestacks that classifies all discrete opfibrations with small
fibres. Recall from Remark 3.3.3 that the assignment involves a natural no-

tion of 2-dimensional sieve, generalizing the subobject classifier of 1-dimensional
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presheaves. The work of Chapter 4 has then solved all the problems we described
in Remark 3.3.3. Indeed, the indexed Grothendieck construction allowed us to
produce a nice candidate Q for a good 2-classifier in prestacks that is strictly
2-functorial and moreover lands in Cat rather than just in large categories. Ex-
plicitly, the 2-functor Q takes presheaves on slices (see Example 4.4.9). Recall
also that Section 4.2 allowed us to define the property of having small fibres for

a discrete opfibration in prestacks, in Definition 4.2.7.

In Theorem 5.1.14, we prove that the candidate Q produced in Example 4.4.9 is
indeed a good 2-classifier in prestacks that classifies all discrete opfibrations with
small fibres. A partial result on this direction is already in Weber’s [51]. Our
result is in line with Hofmann and Streicher’s [25], that uses a similar idea to
lift Grothendieck universes to presheaves, in order to interpret Martin-Lof type
theory in a presheaf topos. It is also in line with the recent Awodey’s [4], that
captures the construction of the Hofmann and Streicher’s universe in presheaves
in a conceptual way. Our proof goes through a bicategorical classification process
that, over representables, is exactly the Yoneda lemma. Although some points
would be smoother in a bicategorical context, we believe that it is important to
show how strict the theory can be. In the case of prestacks, the strict classification
process, which involves an indexed Grothendieck construction, actually seems
more interesting than the bicategorical one, which reduces to the Yoneda lemma.
In future work, we will adapt the results of this chapter to the bicategorical

context, using a suitable bicategorical notion of classifier.

Finally, in Theorem 5.3.22, we restrict our good 2-classifier in prestacks to a good
2-classifier in stacks, classifying again all discrete opfibrations with small fibres.
We achieve this by proving a general result of restriction of good 2-classifiers
to nice sub-2-categories, in Theorem 5.2.9, involving factorization arguments and
our theorems of reduction to dense generators. Stacks are a bicategorical general-
ization of sheaves and they were introduced by Giraud in [18]. Like sheaves, they
are able to glue together families of objects that are compatible under descent.

But such descent compatibilities are only asked up to isomorphism. And the pro-
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duced global data then equally recovers the starting local data up to isomorphism.
Stacks are the right notion to use to generalize Grothendieck topoi to dimension
2. Our result is thus the main part of a proof that Grothendieck 2-topoi are ele-
mentary 2-topoi. As explained in Remark 5.3.10, we consider strictly functorial
stacks with respect to a subcanonical Grothendieck topology. So that they form a
full sub-2-category of the 2-category of 2-presheaves. While our good 2-classifier
in prestacks involves a 2-dimensional notion of sieves, our good 2-classifier in
stacks involves a 2-dimensional notion of closed sieves. The idea is to select, out
of all the presheaves on slices considered in the definition of the good 2-classifier
in prestacks, the sheaves with respect to the Grothendieck topology induced on
the slices. This restriction is tight enough to give a stack €2; but at the same time
loose enough to still host the classification process of prestacks. We prove that
Q2 is a good 2-classifier in stacks. Our result solves a problem posed by Hofmann
and Streicher in [25]. Indeed, in a different context, they considered the same
natural idea to restrict their analogue of Q by taking sheaves on slices. However,
this did not work for them, as it does not give a sheaf. Our results show that
such a restriction yields nonetheless a stack and a good 2-classifier in stacks. The
idea is that, in order to increase the dimension of the fibres of the morphisms to
classify, one should also increase the dimension of the ambient. And thus stacks

behave better than sheaves for the classification of small families.

Outline of the chapter

In Section 5.1, we apply our theorems of reduction of the study of a 2-classifier
to dense generators to the case of prestacks. We thus produce a good 2-
classifier in prestacks that classifies all discrete opfibrations with small fibres
(Theorem 5.1.14). We also show a concrete recipe for the characteristic morph-

isms (Remark 5.1.16).

In Section 5.2, we prove a general result of restriction of good 2-classifiers to
nice sub-2-categories (Theorem 5.2.9), involving factorization arguments and our

theorems of reduction to dense generators.
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In Section 5.3, we apply the results of Section 5.2 to restrict our good 2-classifier in
prestacks to a good 2-classifier in stacks, classifying again all discrete opfibrations

with small fibres (Theorem 5.3.22).

5.1. A 2-classifier in prestacks

In this section, we apply our theorems of reduction of the study of 2-classifiers
to dense generators to the case of prestacks. Our theorems allow us to con-
sider just the classification over representables, which is essentially given by the
Yoneda lemma (see Proposition 5.1.12). We show that the normalization pro-
cess required by Theorem 3.2.8 is possible in prestacks (Theorem 5.1.14 and
Remark 5.1.15). Whence, by Theorem 5.2.9, it is also possible in any nice sub-2-
category of prestacks (such as the 2-category of stacks, see Theorem 5.3.22).

We thus produce a good 2-classifier in prestacks that classifies all discrete opfibra-
tions with small fibres, in Theorem 5.1.14 (see also Definition 3.1.12). Our result
is in line with Hofmann and Streicher’s [25], and with the recent Awodey’s [4],
see Remark 5.1.4. We conclude the section extracting from the constructive proof

of Theorem 3.2.8 a concrete recipe for the characteristic morphisms in prestacks

(Remark 5.1.16).

In Section 5.3, we will restrict the good 2-classifier in prestacks to a good 2-

classifier in stacks (Theorem 5.3.22, using Theorem 5.2.9).

Throughout the rest of this chapter, we consider the 2-category L = [C°P, Cat|
of 2-presheaves on a small category C (that is, prestacks on C). Notice that this
2-category is complete and cocomplete, since Cat is so. Recall from Section 4.2
the characterization of discrete opfibrations in [C°P, Cat] and the definition of

discrete opfibration in [C°P, Cat| with small fibres.

Notation 5.1.1. Given p: E — B a discrete opfibration in Cat with small fibres,
we denote as (p)p the fibre of p on B € B.
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Remark 5.1.2. Recall from Construction 3.3.2 that a good 2-classifier in
prestacks that classifies all discrete opfibrations with small fibres needs to be

pseudonaturally equivalent to the the pseudofunctor 2 defined by the composite

DOpFib ()
_

P X5 (CP, Cat]™ CAT

We also consider the pseudonatural transformation w: 1 — € with component

on C' € C that picks the identity idycy on y (C).

Recall then that the work of Chapter 4 solved all the problems shown in Re-

mark 3.3.3. We summarize this in the following proposition.

Proposition 5.1.3 (Chapter 4). The pseudofunctor Q: C +— DOpFib~(y (C)) is

pseudonaturally equivalent to the 2-functor

Q: Cc®* — (Cat

C = [(C/o)”, Set]
(C&D) = —o(fo=)"

The pseudonatural equivalence j: Q ~ Qs giwen by the indexed Grothendieck
construction. FEzplicitly, a discrete opfibration »: H — y(C) with small fibres

corresponds with the presheaf

jict@W): (C/o)” — Set
(DL 0) = (W),
(f< fog) — H(g)

Remark 5.1.4. Call j~! the quasi-inverse of j described in Construction 4.3.8
1~

and hinted above (that transforms ¢ into j5'(1)). The composite 1 <> Q 2— Qs

(isomorphic to) a 2-natural transformation w. Explicitly, the component w¢: 1 —

Q(C) of & on C € C picks the constant at 1 presheaf Al: (C/c)” — Set.

We will prove in Theorem 5.1.14 that : 1 — 2 is a good 2-classifier in [C°P, Cat]
that classifies all discrete opfibrations with small fibres. This is in line with Hof-
mann and Streicher’s [25], where a similar idea is used to construct a universe in

1-dimensional presheaves for small families, in order to interpret Martin-Lof type
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theory in a presheaf topos. See also the recent Awodey’s [4], that constructs Hof-
mann and Streicher’s universe in 1-dimensional presheaves in a more conceptual

way.

Remark 5.1.5. In Example 4.4.9 (using Remark 4.3.13), we also suggest
a strategy to prove that, for C a 2-category, what works is Q:C
[7‘('* (C Joplax C)Op, Set], where 7, is the left adjoint of the inclusion Cat — 2-Cat.

Proposition 5.1.6. The laz limit 7: Qs — Q of the arrow w: 1 — Q is a discrete

opfibration in [C°P, Cat] with small fibres.

As a consequence, for every F € [C°P, Cat], the functor
Go.r: [CP, Cat] (F fz) — DOpFib (F)

lands in DOpFib°(F).

Proof. By Remark 3.1.13 any comma object from w can be expressed as a pullback
of 7, and by Remark 4.2.8 the property of having small fibres is stable under pull-
back. So we can just look at 7. Since comma objects in [C°P, Cat| are calculated
pointwise, for every C' € C the component 7¢ of 7 on C' is given by the comma

object in Cat from We = Al to idg . Given Z € Q(C) = [(C/c)™, Set],
(7o), = QC) (A1, 2) = [(C /)™, Set] (A1, Z) = Z(ide)

and thus 7 has small fibres. Indeed a natural transformation from Al to Z is the
same thing as an element in Z(id¢), by the naturality condition. This is similar

to the proof of the Yoneda lemma; see also Remark 5.1.9. n

Remark 5.1.7. §, is a pointed version of Q. The “points” of Z € Q(C) are the

elements of Z(id¢).

It will be useful to consider the bicategorical classification process produced by

the pseudofunctor 2.

Remark 5.1.8. We need to consider the 2-category (actually CA7 -enriched cat-
egory) Ps[C°P, CAT] of pseudofunctors from C° to CAT, pseudonatural trans-

formations and modifications. We can of course extend the definition of discrete
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opfibration in a 2-category to one in any CA7 -enriched category, considering

CAT in the place of Cat.

By Bird, Kelly, Power and Street’s [7, Remark 7.4], Ps[C°P, CAT| has all bilimits
and all flexible limits, calculated pointwise. In particular, it has all comma ob-
jects, the terminal object and all pullbacks along discrete opfibrations, calculated
pointwise. Indeed, for the latter, recall that in CA7 pullbacks along discrete op-
fibrations exhibit bi-iso-comma objects (the idea is similar to that of the diagram
of equation (3.1)). So, given p: E — B and z: F — B in Ps[C°, CAT| with
p a discrete opfibration, we can construct (pointwise) a bi-iso-comma object G
of p and z whose universal square is filled with an identity. This is obtained by
choosing the pullbacks as representatives for the bi-iso-comma objects in CAT
on every component. It follows that G is also a pullback in Ps[C°P, CAT], using

that discrete opfibrations lift identities to identities.

Remark 5.1.9. As hinted in the proof of Proposition 5.1.6, the Yoneda lemma
is the reason why that proposition holds. Consider the pseudofunctor €2 and the
lax limit 7 of the arrow w: 1 — Q in Ps[C°?, CAT]. For every C € C and every
discrete opfibration ¢: H — y(C) in [C°P, Cat] with small fibres, by the Yoneda

lemma
(re)y = QUC) (idyc), ¥) = (Ye)ia,.-

Thus 7¢ has small fibres.

Proposition 5.1.10. For every F € [C, Cat|, taking comma objects from

w: 1 — Q extends to a functor

Go.r: PS[CP, CAT) (F, ) — DOpFib i con car) (F)

Proof. Taking comma objects from the morphism w: 1 — Q in Ps[C°?, CAT]

certainly extends to a functor

Gor: Ps[C®, CAT| (F, ) — DOpFibpycor car (F)
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by Remark 3.1.13. But, given z: F' — (), the comma object

~
—_

"

w
comin

z

ﬁ:l(;
)

in Ps[C°P, CAT] is calculated pointwise. Since 1 and F' are both strict 2-functors,
the universal property of the comma object induces a strict 2-functor L and a
strict 2-natural transformation s. The functor /Q\MF also sends modifications
between F' and €2 to strict 2-natural transformations over F. Moreover, every
component s¢ of s on C € C needs to be a discrete opfibration in CA7 with
small fibres, by Remark 5.1.9 and the fact that the property of having small fibres
is pullback-stable. Since F(C) € (Cat, it follows that s¢ is a discrete opfibration
in Cat with small fibres. And then s is a discrete opfibration in [C°P, Cat] with
small fibres, by Proposition 4.2.5 (and Definition 4.2.7). ]

Remark 5.1.11. The following proposition shows how the bicategorical classi-

fication process in prestacks is essentially given by the Yoneda lemma.

Proposition 5.1.12. For every C € C, the functor
éw,y(C) : Ps [Cop’ C/{Zlqd} (y (C)v Q) — DOP.{EE S[COP,Cat} (Y(O)) = Q(C)

18 1somorphic to the Yoneda lemma’s equivalence of categories.

Thus /g\%y(c) 15 an equivalence of categories.

Proof. Given z: y(C) — , call Z: G — y(C) the corresponding element in
Q(C) via the Yoneda lemma and s: L — y(C) the morphism on the left of the

comma object
L —1

y(C) —— @
in Ps[C°, CAT]. We show that there is a 2-natural isomorphism L = G over
y(C). Given D € C, we have that L(D) = G(D) over C (D, C) because of the
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following bijection between the fibres, which is natural in f: D — C

(sp); = QD) (idyp), zp(f)) = QD) (idypy, v (/)" Z) = (v (/) Z)p)ia, = (Zp);

The first isomorphism is given by the explicit construction of comma objects
in CAT. It is natural by construction of the structure of discrete opfibration
on s induced by the comma object (see Remark 3.1.13). The second natural
isomorphism is given by pseudonaturality of z. The third one is given by the
Yoneda lemma and trivially natural. The fourth one is given by the explicit
construction of pullbacks in Cat and is natural by construction of Gzyp) on

morphisms. It is straightforward to show that the isomorphism L(D) = G(D) is
2-natural over y(C) and to conclude the proof. O

We are ready to prove that, at least over representables, w: 1 — Q) satisfies the
conditions of a good 2-classifier in prestacks that classifies all discrete opfibrations

with small fibres.

Proposition 5.1.13. For every C' € C, the functor
Gasioy: (€, Cat] (v(C), Q) — DOpFib™(y(C)

is an equivalence of categories.

Proof. We prove that there is an isomorphism

€, cat] (y(0), ©) Jo@) » DOpFibcov.can (3 (C))

jo—\ - /Gw,y(())
Ps[C°, CAT] (y(C), Q)

(5.1)

Given z: y(C) — Q, consider the comma objects

L ——1

L —1
=
Y b
y(C) —— y(C) = Q20

respectively in [C°P, Cat] and in Ps[C°P, CAT]. Notice that the left hand side

comma is also a comma object in Ps[C°, CAT] because commas are calculated
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pointwise in both 2-categories. We have that L(D) = L(D) over C (D, C) for
every D € (, since jp is an equivalence of categories. Indeed (j * X) p exhibits
the comma object on the right hand side in component D. It is straightforward
to show that the isomorphism L(D) = L(D) is 2-natural in D € C over y(C) and
to conclude the isomorphism of equation (5.1). Notice that jow is isomorphic to

w, whence éw,y(C) is isomorphic to /Q\jow,y(c)-

By Proposition 5.1.12, the functor aw,(c) is an equivalence of categories. By the
Yoneda lemma, also j o — is an equivalence of categories. Indeed the following

square is commutative:

€, Cat] (y(C), Q) 5 Ps[C, €AT] (y(C), )
1% 12
Q(C) : > Q(0)

Jc

And thus j o — is an equivalence of categories by the two out of three property.

Therefore also /g\gjy(c) is an equivalence of categories. O

We now apply the theorems of reduction of 2-classifiers to dense generators to
prove that w: 1 — Qis a good 2-classifier in prestacks that classifies all discrete
opfibrations with small fibres. The partial result that (the lax limit of the arrow)
w gives a 2-classifier can be obtained from Weber’s [51, Example 4.7]. However,
Weber’s paper does not address the problem of which discrete opfibrations get

classified.

Theorem 5.1.14. The 2-natural transformation @ from 1 to

Q- CP — Cat
C = [(C/a)”, Set]
(C <L D) —o(fo=)P

that picks the constant at 1 presheaf on every component is a good 2-classifier in

[C°P, Cat] that classifies all discrete opfibrations with small fibres.

Proof. Consider the fully faithful dense generator y: C — [C°P, Cat| formed by

representables. By Proposition 5.1.6, the lax limit of the arrow w has small fibres.
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By Proposition 5.1.13, we have that for every C' € C the functor
Gayc): [C, Cat] (Y(C), 52) — DOp¥ib™(y(C))

is an equivalence of categories. In order to prove that w: 1 — Qis a good 2-
classifier in [C°P, Cat] with respect to the property of having small fibres, by
Corollary 3.2.11, it only remains to prove that the operation of normalization

described in Theorem 3.2.8 is possible.

So let ¢: G — F be a discrete opfibration in [C°P, Cat] with small fibres. Using
the dense generator y: C — [C°P, Cat], we express F' as a cartesian-marked oplax

colimit of representables. By Example 1.1.25,
F = colim”'y 2 oplax®"* -colim™! (y oG (F)),

whence K =y oG (F'), with the universal cartesian-marked oplax cocone A given
by
(D, X" y(€) > F
Vo (e in [F 0] W
(C, X) v(D) (X1
Looking at the proof of Corollary 3.2.11 (and Construction 3.2.7), we consider

the sigma natural transformation y given by the composite

-1

AT =2 (€, Cat] (K(-), F) =55 DOpFib* (K () =25 (€, Cat] (K(-), ).

oplaxcart pseudo pseudo

We can visualize it as follows:

For this, we need to choose an adjoint quasi-inverse of ég,’K(C’ x) = /g\g’y(c) for
every (C, X) € [F. By Proposition 5.1.13, we can construct such a quasi-inverse
by taking quasi-inverses of j o — and éw,y(c’)' Both the latter are given by the
Yoneda lemma, respectively by the proof of Proposition 5.1.13 and by Proposi-
tion 5.1.12. So given ¢: H — y(C), we can take éi;(c) (1) to be the morphism
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y(C) = Q which corresponds to jo' (1) (see Proposition 5.1.3). With this choice,

X(c,x) would be the morphism y (C') — Q) which corresponds to

ic' (Ge (Mox)) = (C/c)™ — Set
D5 C) = (Ge(Aew)p),
(f ¢ fog) = HY(g)
Using the explicit construction of pullbacks in Cat to calculate (Qp (A(q X))D)f,
we do not obtain a cartesian-marked oplax natural transformation . This is due

to the unnecessary keeping track of the morphisms f: D — C other than the
objects of G(D).

Instead, we choose éa_;(C) on the objects G, (A(C,X)) so that x(c x) is the morph-

ism y (C) — Q which corresponds to
[X(C,X)—I : (C/C)Op —3 Set
f
(D=C) = (¢p)p)x)
(f < fog) = Glg)
This is the operation of normalization that we need. Notice that
(#0)r(ryx) = ()a i) = (GolAicx))n) 4

and that such isomorphism is natural in f € (C /C)Op. So that, thanks
to the argument above, ?g,y(c)(x(ax)): QYY) — y(C) is indeed isomorphic
to G, (Acx)) : HEY — y(C). We then extend @U;’;(C) to a right adjoint
quasi-inverse of ég7y(c), choosing the components of the counit on the objects

G, (A(C, X)) to be the just obtained isomorphisms.

We prove that x is cartesian-marked oplax natural. Given a morphism

(f,id): (D, X') < (C,F(f)(X')) in [F, it is straightforward to show that

X(p,xn 0¥ (f) = X r(nxn)

using that F'is a strict 2-functor. We still need to show that xiq = id. For this,

it is straightforward to prove that

g@,y(C) (Xf,id) =id,
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following the recipe given in the proof of Theorem 3.2.8. So we conclude using

the fully faithfulness of ?a,y(c*)- m

Remark 5.1.15. Looking at the proof of Theorem 5.1.14, we see that the idea
of the operation of normalization in prestacks is the following. Rather than
considering the “local fibres” of the G,(A(c, x))’s, that are not compatible with

each other, we express all of them in terms of the “global fibres” of ¢.

Remark 5.1.16. The proof of Theorem 5.1.14 also gives us a recipe for the char-
acteristic morphism z: F' — Q of a discrete opfibration ¢: G — F in [C°P, Cat]

with small fibres.
G ——

1
@l %mmk
We obtain that z is the 2-natural transformation whose component on C' € C is

the functor z¢ that sends X € F(C) to
zo(X): (Clo)™ — Set
/
(D=C) = (ep)pix)
(f & fog) = Glg)

Given v: X — X' in F(C), we have that z¢(v) is the natural transformation

whose component on f: D — C'is the function

E(f) W), (ep)ripyix) = (0D) p(pyxn
that calculates the codomain of the liftings along ¢p of F(f)(v).

It is interesting to compare our result with what happens in dimension 1. The
characteristic morphism for a subobject G < F' in 1-dimensional presheaves has
component on C' that sends X € F(C) to
U{p Lol rinm) ecm}.

DeC
While in dimension 1 the fibre on F'(f)(X) can only be either empty or a singleton,

in dimension 2 we need to handle the general sets formed by such fibres.
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5.2. Restricting good 2-classifiers to nice

sub-2-categories

In this section, we present two general results (Proposition 5.2.6 and The-
orem 5.2.9) that describe a strategy to restrict a good 2-classifier in L to a
good 2-classifier in a nice sub-2-category M of L. Such a strategy will involve
factorization arguments and our theorems of reduction of the study of 2-classifiers
to dense generators. The key idea is to restrict Q € L to some Q4, € M so that
the characteristic morphisms in £ of discrete opfibrations in M factor through
Q4,. This is the strategy that we will follow in Section 5.3 to restrict our good

2-classifier in prestacks to one in stacks.

An advantage of producing a good 2-classifier following the results of this section
is that the normalization process described in Theorem 3.2.8 is not required.
Theorem 5.2.9 shows indeed that the normalization process is automatic for nice
sub-2-categories of 2-categories with a good 2-classifier. Since the normalization
process is possible in prestacks (Theorem 5.1.14 and Remark 5.1.15), then by
Theorem 5.2.9 it is also possible in any nice sub-2-category of prestacks, such as

in particular the 2-category of stacks, see Theorem 5.3.22.

Notation 5.2.1. Throughout this section, we fix an arbitrary 2-category L with
pullbacks along discrete opfibrations, comma objects and terminal object. We
then fix a choice of such pullbacks in £ such that the change of base of an

identity is always an identity.

We also fix P an arbitrary pullback-stable property P for discrete opfibrations
in L. We assume of course that P only depends on the isomorphism classes of

discrete opfibrations.

Definition 5.2.2. A fully faithful 2-functor i: M =2 L will be called nice if it
lifts pullbacks along discrete opfibrations, comma objects and the terminal object
(that is, such limits exist in M and are calculated in L) and preserves discrete

opfibrations.
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A sub-2-category i: M C L (that is, an injective on objects and fully faithful

2-functor i: M =2 L) will be called nice if i is nice.

Example 5.2.3. Any reflective sub-2-category is nice. Indeed notice that any
right 2-adjoint preserves discrete opfibrations thanks to the natural isomorphism

between hom-categories given by the adjunction.

Remark 5.2.4. Given a nice fully faithful 2-functor i: M e L, we will say that
a discrete opfibration ¢ in M satisfies P if i(¢) does so.

We will need the notions of fully faithful morphism and of chronic morphism in

L.

Definition 5.2.5. A morphism [: F' — B in L is fully faithful if for every X € L
the functor lo —: L (X, F') — L (X, B) is fully faithful. [ is chronic if every o —

is injective on objects and fully faithful.

We are ready to present the first result of restriction. Rather than restricting a
good 2-classifier, we start from a morphism w: 1 — Q in L such that its lax limit
T is a 2-classifier in £. By Remark 3.1.13, this condition is weaker than being a

good 2-classifier. Indeed it means that for every F' € L
Gor: L(F,Q) — DOpFib, (F)

is fully faithful. Of course, the result can then be applied to a starting good

2-classifier in L as well.

Proposition 5.2.6. Let i: M 2 L be a nice fully faithful 2-functor (Defini-
tion 5.2.2). Let then w: 1 — Q in L such that its lax limit T is a 2-classifier
in L. Finally, let Q4 € M such that there exists a fully faithful morphism
C:i(Qar) e Qin M and w factors through (; call war: 1 — Qg the resulting

morphism. Then the lax limit To; of the arrow wqy is a 2-classifier in M .

In addition to this, if T satisfies P then also T4, satisfies P.
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Moreover, given ¢ a discrete opfibration in M, if i(p) is classified by T via a

characteristic morphism z that factors through ¢ then ¢ is classified by Tq;.

iG) —— Q,

1 QM,. — 1 _
| ) i(e)] I
Z(WM)l \ TMl 4malw i(F) 0
i(Qag) — Q Qg —— Oy SiCen) 7

i(Qar)
Proof. We prove that, for every F’ € L, there is an isomorphism

gi(wM),F/

L(F",i(Qy)) ———— DOpFib, (F')

o 5.2
o~ 2 (52)

L(F,Q)

Given z: F' — i(2ys), consider the comma objects

Ly ——— 1 L > 1
li(wM)

/ N u

Fr——— i(Qar) Fr— i) — Q2

in L. It is straightforward to see that, since £ is a fully faithful morphism, ¢ * A4,
exhibits the comma object on the right hand side. Then L4 = L over F’, and
such isomorphism is natural in z by the universal property of the comma object.
lo— is fully faithful by definition of fully faithful morphism in £. Hence éi(w ) F!
is fully faithful.

Moreover, we obtain that if 7 satisfies P then the lax limit £ of the arrow i(wg,)
satisfies P. Since ¢ lifts comma objects and the terminal objects, the lax limit 74,

of the arrow wq, can be calculated in L. So i(74,) = £ satisfies P as well.

Let now F' € M. Since i preserves discrete opfibrations, ¢ induces a fully faithful

functor

i+ DOpFibyy (F) — DOpFib, (i(F)).



5.2. RESTRICTING GOOD 2-CLASSIFIERS TO NICE SUB-2-CATEGORIES 209

Notice then that the following square is commutative:

W (F, Q) —2" . DOpFibay (F)

iR lz (5.3)
L(i(F),i(Qq)) — Q)OpfiﬁL (i(F))

Gi(wgp)i(F)

Indeed by assumption ¢ lifts comma objects and the terminal object. Whence

éw o F 18 fully faithful and 74, is a 2-classifier.

Consider now a discrete opfibration ¢ in M. Following the diagrams of equa-
tions (5.2) and (5.3), we obtain that if i(¢) is classified by 7 via a characteristic
morphism z that factors through ¢ then ¢ is classified by 74,. This can also be
seen from the diagram on the right in the statement, using the pullbacks lemma,

after Remark 5.2.7. O

Remark 5.2.7. 75, can be equivalently produced, in L, as the pullback of 7
along the fully faithful ¢: i(Q4/) e Q). Indeed the lax limit 75 of the arrow wey,
corresponds with the lax limit of the arrow i(wgs) in L. By whiskering with ¢,
we then see that the latter is equivalently given by the comma object from w to
¢, which is also the pullback along ¢ of the lax limit of the arrow w. However, by
producing 74, as the lax limit of the arrow wq, in M, it is guaranteed that 74, is

a morphism in M.

We would like to show that we can check the factorizations of the characteristic
morphisms in £ of discrete opfibrations in M just on a dense generator. The

following construction helps with this.

Construction 5.2.8. Let i: M =2 L be a fully faithful 2-functor. Consider then
I:Y — M a fully faithful 2-functor such that ioI: Y — L is a dense generator
of L. By Kelly’s [28, Theorem 5.13], then [ is a fully faithful dense generator of
M.

Moreover, let ' € M. We want to exhibit F' as a nice colimit of the objects

that form the dense generator I. By Construction 3.2.4, there exist a 2-diagram
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J: A — L which factors through i o I and a weight W: 4°° — (Cat such that,
calling K == Jo G(W),

i(F) = oplax®®* -colim®' K

and this colimit is (7 o I)-absolute. Call A the universal cartesian-marked oplax
cocone that presents such colimit. Notice that, as K factors through i o I, it
also factors through i. Call Kg: [W — M the resulting diagram; so that
io Ky = K. It is clear that K, factors through I. Take A,y to be the unique
cartesian-marked oplax cocone such that i o Ag; = A. Then, since a fully faithful

2-functor reflects colimits (see also Proposition 1.1.24),

cart

F = oplax —colimAlKM,

e~

exhibited by Ags. Moreover, this colimit is J-absolute, as I = (i o I) o i.

Building over Proposition 5.2.6, we now present a general result of restriction of
good 2-classifiers in £ to nice sub-2-categories M of L. We show that the fac-
torization of the characteristic morphisms in £ of discrete opfibrations in M can
be checked just on a dense generator of the kind described in Construction 5.2.8.
Then our theorems of reduction of the study of a 2-classifier to dense generators
(Corollary 3.2.11) guarantee that we find a good 2-classifier in M. For this, we
need to ensure that the operation of normalization described in Theorem 3.2.8
(starting from every () is possible. We show that we can just do the normaliza-
tion process in L, where it is certainly possible since we have a good 2-classifier;

see Corollary 3.2.10.

Theorem 5.2.9. Leti: M C L be a nice sub-2-category (Definition 5.2.2). Let
w: 1— Qin L be a good 2-classifier in L with respect to P. Let then Qqr € M
such that there exists a chronic arrow (Definition 5.2.5) €: i(Qqy) = Qin M
and w factors through €; call war: 1 — Qg the resulting morphism. Finally, let
I:Y — M be a fully faithful 2-functor such that io I is a dense generator of L.
Assume that for every ¢ : H — I(Y) a discrete opfibration in M that satisfies P
over I(Y) with Y € Y, every characteristic morphism of i(v) with respect to w

factors through €. Then wqs is a good 2-classifier in M with respect to P.
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Proof. By Construction 5.2.8, I: Y — M is a fully faithful dense generator of
M. By Proposition 5.2.6, the lax limit of the arrow wq, satisfies P and for every
Ye)y

Goyi(vy: M(I(Y), Qag) — DOpFib" (I(Y))

is an equivalence of categories. Indeed ?w A I(v) 18 fully faithful and, given ¢: H —
I(Y') a discrete opfibration in M that satisfies P, any characteristic morphism of
i(v) in L factors through £: i(Q4/) e Q. In order to prove that wgs: 1 — Qg is
a good 2-classifier in M, by Corollary 3.2.11, it only remains to prove that the

operation of normalization described in the proof of Theorem 3.2.8 is possible.

So let ¢: G — F be a discrete opfibration in M that satisfies P. By Construc-
tion 5.2.8, we express

cart

F = oplax —colimAlKM,

exhibited by Ags. Looking at the proof of Corollary 3.2.11 (and Construc-
tion 3.2.7), we consider the sigma natural transformation x4, given by the com-

posite

P, Kgr(— gll,K —
AL =2 Af (Kpp(—), F) 2228 DOpFib g (Kpg(—)) 22225 0 (K (), Q).

oplaxcart pseudo pseudo

We can visualize it as follows:

P — |

Gw(AM,(cm)l - l@ le

A 2
Kar(C, X) 2P - 25
Gong (Go(Marcx)))

For this, we need to choose an adjoint quasi-inverse of GWM:KM(Cv x) for every
(C,X) € JW. Let then ¢v: H — Kg/(C,X) be a discrete opfibration in
M that satisfies P. By assumption, the “normalized” characteristic morph-

ism A_I(KM(QX))(Z'(@D)) = t defined as in the proof of Corollary 3.2.10 start-

W,

ing from i(p) and K and A, factors through ¢: i(4y) e 2. We define

@;ﬂi Ky (C,X) (¢)) = tar to be the morphism in M corresponding to the result-

ing morphism (K4, (C, X)) — i(y) in L given by the factorization. So that
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Coi(ter) = t. We then extend é;;{ K,y(Cx) to a right adjoint quasi-inverse of
Gy K (C,X), choosing the components of the counit on the objects ¢ to be the
isomorphism corresponding to the one in L from the comma of i(wq,) and i(t4,)

to the comma of w = £ oi(wg,) and t = £ 0 i(ty) composed with the counit of
~ ~—1
GwyK(C,X) n Gw,K(C,X)‘

We prove that x4, is cartesian-marked oplax natural. It suffices to prove that
(fo—)oioxgy =X

where x is the cartesian-marked (i.e. “normal”) oplax natural transformation
produced as in the proof of Corollary 3.2.10, starting from i(¢) and K and A.
Indeed ¢ is a chronic arrow and ¢ is injective on objects and fully faithful. So we
show that the following diagram of oplax natural transformations is commutative:

~—1

Go K o (— . gwM,KM -
AL 2 M (Kog(—), F) 225" DOpFib " g (Kg(—)) 2225 B (K og(—), Qag)

| | J ==

Al = L(K(=),i(F)) = DOpfFib o (K(-)) = L(K(-), Q).

(), K (=) W, K(—)

The square on the left is commutative by construction of As,. The square in the
middle is commutative because pullbacks along opfibrations in M are calculated
in L, by assumption. We also use that the structure of a discrete opfibration in
M is just given by the structure of the underlying discrete opfibration in £. We
prove that the square on the right is commutative as well. Let (C,X) € [W.
Given ¢: H — Kgr(C, X) a discrete opfibration in M that satisfies P,

o~ ~

loi (gw;,y(c) (@/J)) = gw_;(KM(C,X))(Z'W))

by construction of éo:wl[,KM(C,X)' Given 0: ¢ — ¢/ in DOpFib PM (Kar(C, X)),

A1 -1 .
02 (G20 sate0®) = Gl (160)
because they are equal after applying the fully faithful éw,i(KM(C,X)), by con-
struction of the counit of éw o Ko (CX) éu)’;{ Kpp(C.X) (together with the proof

of Proposition 5.2.6). Finally, let (f,v): (D,X’) < (C,X) in [W. The two
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composite oplax natural transformations of the square on the right also have the
same structure 2-cells on (f,v). Indeed it suffices to show it after applying the
fully faithful éw;i( Ky (Cx))- And this is straightforward to prove, following (part
of) the recipe for G (xy,) described in the proof of Theorem 3.2.8 (together with
the construction of the counit of éw o (CX) T éw_ml{ K, (c,x) and the proof of

Proposition 5.2.6). We conclude that x4, is cartesian-marked oplax natural. [

Remark 5.2.10. Theorem 5.2.9 offers another strategy to produce a good 2-
classifier in a 2-category via a dense generator. Indeed, this is what we will do
in Section 5.3 to produce our good 2-classifier in stacks. An advantage of this
strategy is that we do not have to do the normalization process described in
Theorem 3.2.8. By Kelly’s [28, Proposition 5.16], any 2-category M equipped
with a fully faithful dense generator I: Y — M is equivalent to a full sub-2-
category of [V°P, Cat] containing the representables. So, after Section 5.1, the
strategy described in Theorem 5.3.22 can be very helpful.

Notice that the proof of Theorem 5.2.9 shows that we just need to be able to
factorize the “normalized” characteristic morphisms produced as in the proof of

Corollary 3.2.10 (starting from every ¢).

5.3. A 2-classifier in stacks

In this section, after recalling the notion of stack, we restrict our good 2-classifier
in prestacks (Theorem 5.1.14) to a good 2-classifier in stacks that classifies all
discrete opfibrations with small fibres (Theorem 5.3.22). We follow the strategy
described in the general Theorem 5.2.9 to restrict a good 2-classifier to a nice
sub-2-category. The idea is to select, out of all the presheaves on slice categories
involved in the definition of SNI, the sheaves with respect to the Grothendieck
topology induced on the slices. This restriction of Q is tight enough to give a
stack €27, but at the same time loose enough to still host the classification process

of prestacks.

Our result solves a problem posed by Hofmann and Streicher in [25]. Indeed, in a
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different context, they considered the same natural idea to restrict their analogue
of O by taking sheaves on slices. However, this did not work for them, as it does
not give a sheaf. Our results show that such a restriction yields nonetheless a

stack and a good 2-classifier in stacks.

Remark 5.3.1. As explained in Remark 5.3.10, we take strictly functorial stacks
with respect to a subcanonical topology J. We consider Cat-valued stacks that,
for simplicity, have a 1-category as domain. The stacks we consider have the
usual gluing condition that gives an equivalence of categories between the image
on an object C and each category of descent data on C'. We recall below the

explicit gluing conditions.

We will use the language of sieves, rather than the one of covering families.
This simplifies the form of the conditions of stack and will make it easier for
us to prove that our 2-classifier in stacks is indeed a stack. Moreover, sieves
are also what forms the subobject classifier of sheaves, in dimension 1. The
less standard equivalent definition of stack that we write below can be obtained
unravelling Street’s [43] abstract definition of stack, in the (more usual) case of

a 1-dimensional Grothendieck topology.

We fix C a small category.

Definition 5.3.2. A sieve S on C' € ( is a collection of morphisms with codomain

C that is closed under precomposition with any morphism of C.
Equivalently, a sieve S on C' is a subfunctor of the representable y (C').

The maximal sieve is the collection of all morphisms with codomain C', or equi-

valently the identity on y(C).

Notation 5.3.3. Given a pseudofunctor F': C°® — Cat and a morphism ¢g: D' —

D in C, we denote as ¢g* the functor F(g).

The following definition upgrades the concept of matching family to dimension

2. The compatibility under descent of the local data is up to isomorphism.
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Definition 5.3.4. Let F': C°® — (Cat be a pseudofunctor and let S be a sieve

on C' € C. A descent datum for F with respect to S is an assignment
DLoyes & M e F(D)

together with, for all composable morphisms D' < D Iy ¢ with f €S, an
isomorphism

o9 g My = Myos
such that, for all composable morphisms D" M p % p L ¢ with f €S, the

following cocycle condition holds:

h*pf
heg* My =2 h* Mo,

1 prfog,h

(goh) M; P Myogon-

The following definition upgrades the concept of amalgamation for a matching
family to dimension 2. The global data produced only recovers the starting local

data up to isomorphism.

Definition 5.3.5. In the notation of Definition 5.3.4, a descent datum m for F
with respect to S is effective if there exists an object M € F(C') together with,

for every morphism f: D — (' in .S, an isomorphism
Wl M = My
such that, for all composable morphisms D’ %> D Iy O with fes

* Lk *wf *
g f*M " g* M

1% lgaf 9

(fog>*M ’l,beg Mfog~

Remark 5.3.6. Notice that the square in Definition 5.3.5 is very similar to the
one of Definition 5.3.4. An object M that makes a descent datum m effective
plays the role of an M4, although the identity belongs to the sieve if and only if

the sieve is maximal.
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Definition 5.3.7. Let C be a category equipped with a Grothendieck topology
J. A pseudofunctor F': C°° — Cat is a stack (with respect to J ) if it satisfies the

following three conditions for every C' € C and covering sieve in J on C"

(i) (gluing of objects) every descent datum for F' with respect to S is effective;

(ii) (gluing of morphisms) for all X|Y € F(C) and for every assignment to
each f: D — C'in S of a morphism h¢: f*X — f*Y in F(D) such that
g*(hf) = hyoq for all composable morphisms D’ ENYSJEN C, there exists a
morphism h: X — Y such that f*h = hy;

(iii) (uniqueness of gluings of morphisms) for all X,Y € F(C) and morphisms
h,k : X — Y such that f*h = f*k for every f: D — C' in S, it holds that
h = k.

Remark 5.3.8. Conditions (z7) and (4i7) of Definition 5.3.7 may be interpreted

as saying that F'is a sheaf on morphisms.

Theorem 5.3.9 (Street [43, Section 2]). Stacks form a bireflective sub-2-category
of the 2-category Ps[C°P, Cat] of pseudofunctors, pseudonatural transformations

and modifications.

Remark 5.3.10. Throughout the rest of this section, as the notion of 2-classifier
is rather strict, we will consider strictly functorial stacks, so that they form a full
sub-2-category of the functor 2-category [C°P, Cat]. We will also take a subcanon-
ical Grothendieck topology J, so that all representables are sheaves (and hence
stacks). We keep however the usual gluing conditions written above, that give
an equivalence of categories between F'(C') and each category of descent data on
C with respect to a covering sieve S. In future work, we will produce a suitable

classifier for the usual pseudofunctorial stacks.

Notation 5.3.11. We denote as i: St(C,J) C [C°P, Cat| the full sub-2-category
of [C°P, Cat] on stacks. Notice that i is indeed an injective on objects and fully

faithful 2-functor.
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We want to show that ¢ satisfies all the assumptions of Theorem 5.2.9, so that

we can restrict our good 2-classifier in prestacks to one in stacks.

The following proposition does not seem to appear in the literature.

Proposition 5.3.12. The 2-category Stps(C,J) of pseudofunctorial stacks has

all bilimits and all flexible limits, calculated in Ps[C°P, Cat] and hence pointwise.

St(C,J) has all flexible limits (thus all comma objects and the terminal object)
and all pullbacks along discrete opfibrations, calculated in [C°P, Cat] and hence

pointwise.

Proof. By Theorem 5.3.9, Stps(C,J) is a bireflective sub-2-category of
Ps[C, Cat]. So by Remark 5.1.8 it has all bilimits, calculated in Ps[C°P, Cat].
Consider then a flexible weight W and a 2-diagram F' in Stps(C,J). Then the
flexible limit of F weighted by W exists in Ps[C°P, Cat], by Remark 5.1.8. In
particular, by flexibility of W, it satisfies the universal property of a bilimit of
a 2-diagram that factors through Stps(C,J). And it is then a pseudofunctorial
stack. It follows that it is the flexible limit of F' weighted by W in Stps(C, J),

since fully faithful 2-functors reflect 2-limits.

Consider now a 2-diagram F' in St(C,J) and a flexible weight . The flexible
limit of F' weighted by W exists in [C°P, Cat], calculated pointwise. Then it is
also the flexible limit in Ps [C°P, Cat], as the latter is as well calculated pointwise.
So it is a stack, as the 2-diagram in Ps[C°P, Cat] factors through Stps(C,J).
Whence we have produced the flexible limit of F' weighted by W in St (C, J).

Finally, consider p: E — B and z: F — B in St(C, J), with p a discrete opfibra-
tion. The pullback of p and z exists in [C°P, Cat], calculated pointwise. Then it
is also the bi-iso-comma object of p and z in Ps [C°P, Cat|, by Remark 5.1.8. We
conclude that it is a stack and hence the pullback of p and z in St (C, J), by the

argument above. O]
Proposition 5.3.13. A morphism in St(C,J) is a discrete opfibration if and
only if its underlying morphism in [C°P, Cat] is so. In particular, i: St(C,J) =

[C°P, Cat| preserves discrete opfibrations.
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Proof. The “if” part is clear by the fact that St(C,J) = [C°P, Cat] is fully
faithful. The “only if” part follows from Proposition 4.2.5, since J is subcanonical.

]

Remark 5.3.14. Putting together Proposition 5.3.12 and Proposition 5.3.13,
we have thus proved that i: St(C,J) C [C°P, Cat] is a nice sub-2-category
(Definition 5.2.2).

Definition 5.3.15. We say that a discrete opfibration ¢ in St(C,J) has small
fibres if i(y) has small fibres. Notice that this is in line with Remark 5.2.4.

Proposition 5.3.16. Let I: F' — B be a morphism in [C°°, Cat] (that is, a 2-
natural transformation ). 1 is a fully faithful morphism if and only if for every

C € C the component lc of I on C is a fully faithful functor.

[ is chronic (Definition 5.2.5) if and only if for every C € C the component lo

of Il on C' is an injective on objects and fully faithful functor.

Proof. The proof is straightforward. O

Construction 5.3.17. We want to produce the object 24, of Theorem 5.2.9 in
our case with i: St(C,J) C [C°P, Cat]. That is, a stack, which we will call Q,
that is a nice restriction of the good 2-classifier Q in prestacks. Recall that, in
dimension 1, the subobject classifier in sheaves is given by taking closed sieves.

We produce a 2-categorical notion of closed sieve.

We have already said in Remark 3.3.3 that discrete opfibrations over represent-
ables generalize the concept of sieve to dimension 2; we call them 2-sieves. Thanks
to Proposition 5.1.3 (indexed Grothendieck construction, explored in Chapter 4),
we can equivalently consider presheaves on slice categories. We now need to
generalize closedness of a sieve to dimension 2. The indexed Grothendieck con-
struction can be restricted to a bijection between 1-dimensional sieves on C' € C
and presheaves (C /)™ — 2. It can be shown that closed 1-sieves correspond
with sheaves (C / C)Op — 2, and that the closure of a sieve corresponds to the

sheafification of the corresponding presheaves. So we define closed 2-sieves to be
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the sheaves (C / C)Op — Set (with respect to the Grothendieck topology induced
by J on the slices, that we call again J). And we use them to restrict our good

2-classifier w: 1 — Q in prestacks to a good 2-classifier w;: 1 — ; in stacks

(Theorem 5.3.22).

Remark 5.3.18. The “maximal” 2-sieve idyc), associated with we =

Al: (C/)™ — Set (see Remark 5.1.4), is a closed 2-sieve.

Closed 2-sieves are stable under pullbacks. Indeed if F: (C/ C)Op — Set is a
sheaf and f: D — C is a morphism in C then also F o (fo=): (C/p)™ — Set

is a sheaf.
Proposition 5.3.19. The 2-functor
Q- C®? — (at
C — Sh(C/c.J)
(CLD) = —o(fo=)P
15 a stack with respect to the Grothendieck topology J.
Moreover, the inclusions S (C /¢, J) — [(C/c), Set] form a chronic arrow

0:i(Qy) e Q in [C°P, Cat]. And &: 1 — Q factors through ¢; call wy: 1 —

the resulting morphism.
Proof. The second part of the statement is clear after Proposition 5.3.16 and
Remark 5.3.18.

We prove that €2, is a stack (recall from Definition 5.3.7 the definition). So let

C e Cand S € J(C) a covering sieve on C.

We first prove the uniqueness of gluings of morphisms. Let M, N € Sk (C /s J )
and let o, f: M = N two natural transformations such that f*a = f*f for every
(D ERN C) € S. We show that a = 5. Given (D ERN C)es,

ay = (f*@)iap = (f*B)iap = Br-
Let now ¢g: F — C in C and consider g*S € J(g) = J(F). Since M is a sheaf,

M(g) = Match™ (g*S)
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where the right hand side denotes the set of matching families for M with respect
to the covering sieve ¢*S. And this holds analogously for N. We produce a

commutative square

M(g) ———"—— N(g)
1% 1%
Match™ (g*S) — Match® (¢*S)

[ag]

and analogously for 3. We define [a,] to send a matching family (h € g*S)
(xn, € M(goh)) to the matching family (h € ¢*S) — (agon(xn) € N(goh)). The
latter is indeed a matching family by naturality of a. The square above commutes
since, for every m € Match™ (¢*S), calling X the amalgamation of m, we have
that a,(X) is an amalgamation of [ay|(m). Notice now that [ay] = [5,], as for

every h € g*S we have that go h € S and hence ago, = Byon. Thus oy = .

We prove that we have the gluings of morphisms. Let M, N € Sk (C /oy ) and

consider a matching family
(DL C)eS = (ap: ffM = f*N)in SA(C/p,J)

So that for every D’ L p L ¢ with f € S it holds that I*ay = ayo;. We produce
a natural transformation A\: M = N such that f*\ = a; for every (D EN C)es.
Given (D ERN C) € S, we would like to define Ay == (), . Let g: £ — C'in C.

We define A4 to be the composite
M(g) = Match™ (¢°S) 22 Match™ (¢°S) = N(g)

where [\,] sends a matching family (h € ¢*S) *> (x5, € M(goh)) to the matching
family (h € ¢*S) — ((agon)ia(xn) € N(go h)). The latter is indeed a matching

family by naturality of agep. It is then straightforward to prove that A is natural.

f

Given (D = C) € S, we have that \; = («y) since idp € f*S and hence

idp?
the amalgamation of any matching family on f*S is just the datum on idp. So

J*A = ay. Indeed for every I: D' — D in C

(f*)‘)l = )‘fol = (afol>idE - (l*O‘f>idE = (af)l'
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It remains to prove that we have the gluing of objects. So consider a descent
datum
(DL Cyes — M eSh(C/p,J)

with @/ h* My = Moy, such that the cocycle condition

k*@f,h
KMy 20 b My,

I l@foh’k

(hok)*Mg et Monok-

holds for every D" % D' s D Iy ¢ with f€S. We produce M € S (C /¢, J)
and for every (D ER C) € S isomorphisms ¢/ : f*M = M; such that

h*ptf
W f*M —— h*Mf

14 ltpf’h

(-foh)*M ’ll)foh Mfoh‘

for every D’ " p s O with f € 5. We construct the presheaf

Z (C/C)Op — Set

where Z(h) is the composite
M;(idp) L2 My (h) = (h* My)(idp) — Mo (id).
id s

Z is indeed a functor, by the cocycle condition. Moreover, it is straightforward
to show that f*Z = M; for every (D ER C) € S. However, Z is not a sheaf. So
we define M = Z*F, where Z" is the plus construction of Z and hence Z*7 is
the sheafification of Z. It is straightforward to check that (f*Z)* = f*(Z71), by
the explicit plus construction. Thus, using that f*Z = M;, we define ¥/ to be

the composite

[ Z5) = (20 = (f2)" = (My)™ = My,
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where the last isomorphism is given by the fact that My is a sheaf. It is then
straightforward to show that the isomorphisms 1/ satisfy the required condition.

]

Remark 5.3.20. Representables form a fully faithful dense generator y: C —
St(C,J) of the kind described in Construction 5.2.8. We want to apply The-
orem 5.2.9 on such a dense generator. So we need to factorize the characteristic
morphisms in [C°P, Cat] of discrete opfibrations with small fibres in St (C, J) over

representables.

Proposition 5.3.21. For every : H — y(C) a discrete opfibration in St (C, J)
with small fibres, with C' € C, every characteristic morphism of i(1) with respect
to w factors through €: i(Qy) e Q.

Proof. 1t suffices to prove that the characteristic morphism z for i(p) with respect
to @ produced in Remark 5.1.16 (and Theorem 5.1.14) factors through ¢. Indeed
such factorization only depends on the isomorphism class of z, by the Yoneda
lemma, as any presheaf isomorphic to a sheaf is a sheaf. By Remark 5.1.16, z is

the 2-natural transformation y(C') — Q that corresponds with the functor
Zc(ldc) : (C/C)Op — Set
(D5C) = (¢n)
(f ¢ fog) = Hl(g)

So it suffices to prove that such functor is a sheaf. Let f: D — C'in C and R a

covering sieve on f: D — C, i.e. R € J(D). Consider then a matching family

D
gl €eR Xg S (goDr)

on R for 2¢(idc). We need to show that there is a unique X € (¢p), such that
H(g)(X) = X, for every (D' 7, D) € R. Notice that m is also a matching family
on R € J(D) for H, as (¢pr) ,, € H(D') and the action of zc(idc) on morphisms
is given by the action of H. Since y(C) : C°® — Set, also H: C°? — Set. As H
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is a stack, it then needs to be a sheaf. So there is a unique X € H(D) such that
H(g)(X) = X, for every (D’ % D) € R. It remains to prove that ¢p(X) = f.
Since y(C) is separated, it suffices to prove that ¢p(X)o g = f o g for every
(D’ EN D) € R. But by naturality of ¢

¢p(X)og=wp(H(g)(X))=wp(Xy)=fog.

We thus conclude that z¢(id¢) is a sheaf. O

We can now apply Theorem 5.2.9 (based on our theorems of reduction of the
study of a 2-classifier to dense generators) to guarantee that we have produced a
good 2-classifier in stacks that classifies all discrete opfibrations with small fibres.

The following theorem is original.

Theorem 5.3.22. The 2-natural transformation wy from 1 to
Qy: C®? — (at

C = Sh(C/c.J)
(CL D) — —o(fo=)"
that picks the constant at 1 sheaf on every component is a good 2-classifier in

St(C,J) that classifies all discrete opfibrations with small fibres.

Proof. By Theorem 5.2.9, the restriction w; of the good 2-classifier @ in [C°P, Cat]
along i: St(C, J) [COp Cat] is a good 2-classifier in St (C,J) with respect to
the property of havmg small fibres. We can apply Theorem 5.2.9 thanks to
Remark 5.3.14, Theorem 5.1.14, Proposition 5.3.19, Remark 5.3.20 and Proposi-
tion 5.3.21. O

Remark 5.3.23. We can extract from Theorem 5.2.9 and Remark 5.1.16 a recipe
for the characteristic morphism z;: F' — €1; of a discrete opfibration ¢: G — F

in St (C,J) with small fibres.
G —1
F—

Qy



224 5. HOFMANN—STREICHER UNIVERSE IN STACKS

Recall that we denote as i the inclusion St (C,J) C [C°P, Cat]. We obtain that
zy corresponds to the 2-natural transformation i(z;): i(F) — i(£2;) whose com-
ponent on C' € (C is the functor i(z;)c that sends X € i(F)(C) to the sheaf
o) (Cle)™ — Set
f :
(D=C) = (iL)p)ir )
(f < fog) = i(G)(9)



Conclusions

We conclude with a summary of the results of this thesis and some possible

directions for future work.

In Chapter 1, we have studied the 2-category of elements from an abstract point
of view, thanks to an original notion of pointwise Kan extension in 2-Catj.y
and a refined notion of lax comma object. We have conceived the 2-category
of elements as the archetypal 3-dimensional classification process and at the
same time as the 2-Set-enriched Grothendieck construction. It would be very
interesting to study 3-dimensional classifiers further, extracting a definition from
the ideas of Chapter 1. We should thus upgrade discrete opfibrations to dis-
crete 2-opfibrations and comma objects to lax comma objects. Interestingly,
the archetypal 3-dimensional classifier has been crucial in this thesis to study
2-dimensional elementary topos theory. It would be very interesting as well to
generalize fibrations and the Grothendieck construction to the general enriched
setting. This is work in progress, and we believe it would have many fruitful
applications. Some examples of enriched fibrations would be additive fibrations,

graded fibrations, metric fibrations and general quantale-enriched fibrations.

In Chapter 2, we have developed a calculus of colimits in 2-dimensional slices,
thanks to an original notion of colim fibration and the reduction of weighted 2-
colimits to cartesian-marked oplax conical ones. This calculus has been a crucial
tool in this thesis to reach our theorems of reduction of the study of 2-classifiers to
dense generators. We believe that it could be fruitfully applied to other contexts

as well.

In Chapter 3, we have introduced the notion of good 2-classifier, that captures
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well-behaved 2-classifiers and is closer to the point of view of logic. We believe
this will be helpful to explore the 2-dimensional logic internal to an elementary
2-topos. We intend to investigate this in the near future. The main result of
Chapter 3 is a novel technique of reduction of the study of 2-classifiers to dense
generators. Our results substantially reduce the effort needed to prove that some-
thing is a 2-classifier or to study which morphisms get classified by a 2-classifier.
In the cases of prestacks and stacks, our theorems have allowed us to look just
at the classification over representables. In future work, we will explore more
examples of elementary 2-topoi, and we believe that our technique of reduction

will be an asset for this.

In Chapter 4, we have presented an indexed version of the Grothendieck construc-
tion. This helped us reach a nice candidate for a good 2-classifier in prestacks.
It would be surely interesting to explore further applications of this construction.
We believe it could be useful in geometry and algebra. We can interpret our
indexed Grothendieck construction as the the result that every (op)fibrational
slice of a Grothendieck 2-topos is a Grothendieck 2-topos. This generalizes to
dimension 2 the Grothendieck topoi case of the fundamental theorem of element-
ary topos theory. In future work, we will extend our results to consider arbitrary
elementary 2-topoi, reaching a complete 2-dimensional generalization of the fun-

damental theorem of elementary topos theory.

In Chapter 5, we have applied our theorems of reduction of the study of 2-
classifiers to dense generators to produce a good 2-classifier in prestacks that
classifies all discrete opfibrations with small fibres. This involves a 2-categorical
generalization of the notion of sieve. In future work, we would like to apply our
good 2-classifier in prestacks to reach a 2-categorical generalization of the fruitful
concept of Grothendieck topology. This would bring to an extended notion of
stack, with relevance in geometry. In Chapter 5, we have also restricted our good
2-classifier in prestacks to one in stacks, classifying again all discrete opfibrations
with small fibres. The strategy has been to use factorization arguments and

our theorems of reduction to dense generators. Our result is the main part of
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a proof that Grothendieck 2-topoi are elementary 2-topoi. We believe that this
thesis could contribute to reach a universally accepted notion of elementary 2-
topos. We can indeed look at the preeminent example of stacks to understand
which conditions an elementary 2-topos should satisfy. In future work, we would
like to adapt the results of this thesis to the bicategorical context, and thus to
pseudofunctorial stacks, using a suitable bicategorical notion of classifier. Other
ideas for future research are capturing and generalizing classifying topoi as well

as geometrical classification processes.
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